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Suppose q ^ ±1 is a complex number of modulus one. Let „ , 
' be the *-algebra with two hermitean generators x and y satisfying the 

■ relation xy = qyx. Using operator representations of the *-algebra 
(■h , 0(M. 2 ) on Hilbert space and the Weyl calculus of pseudo differential 

operators we construct *-algebras of "functions" on the quantum quarter 
plane B^j~ + and on the real quantum plane M. 2 which are left module He- 
algebras for the Hopf *-algebra U q (gl2(J&)) ■ We define a family hk, k £ 
1? , of covariant positive linear functionals on these *-algebras and study 

■ the actions of the *-algebras 0(M. 2 ) and U q (gl2(S&)) on the associated 
I/"} . Hilbert spaces. Quantum analogs of the partial Fourier transforms and 

the Fourier transform are found. A differential calculus on the "function" 
' *-algebras is also developed and investigated. 

o ' 
o 

Mathematics Subject Classifications (1991), 17B37,81R50,47D40 
^ ! 0. Introduction 



Suppose that q ^ ±1 is a complex number of modulus one. Let 0(R 2 ) be the 
*-algebra with two hermitean generators x and y satisfying the relation 



^ . xy = qyx. 

h : 

In quantum group theory 0(M. 2 ) is usually called the coordinate *-algebra of 
the real quantum plane. It is well-known that 0(M. 2 ) is a left module *-algebra 



of the Hopf *-algebra U q (gl2(M)) with action given by formulas ( jf5|) -(|77D below. 



However these structures are not sufficient in order to study analytic properties 
of the real quantum plane. In the undeformed case q = 1 the *-algebra 0(R 2 ) 
is just the polynomial algebra C[x, y] in two hermitean indeterminates x and y 
equipped with the usual action of the Lie algebra gfaiM). In this situation we 
can replace the polynomial algebra by the larger *-algebra ^4(M 2 ) := C[x, y] + 
Co°(IR 2 ) of functions on M 2 and extend the action of gl 2 (R) to A(R 2 ). On the 
algebra Co°(K 2 ) we can study differential and integral calculus and so we can 
develop analysis on M. 2 . Roughly speaking, for the real quantum plane we try 
to proceed in a similar way. 

An interesting approach to the quantum space M.^ has been developed by 
M. Rieffel [R] in the framework of his theory of deformation quantization. This 
approach is essentially based on C*-algebras. 
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In the undeformed case the points of R 2 are in one-to-one correspondence 
to the well-behaved irreducible ^representations (see [SI]) of the polynomial 
algebra C[x, y] in Hilbert space. Thus we are lead to look for well-behaved 
irreducible ^representations of the *-algebra (9(R 2 ). This problem has been 
studied in [S2]. In this paper we consider four irreducible well-behaved *- 
representations of 0(R 2 ). They are defined as follows. We fix a real number 
7 such that q = e 27 ™ 7 and two reals a and (3 such that af3 = 7. Let V 
and Q be the self-adjoint operators on the Hilbert space L 2 (R) given by 
(Vf)(x) = {2-ni)^ 1 f'{x) and Qf = xf(x). Then, for e, e' G {+, — } there exists 
an irreducible ^representation p ee > of the *-algebra 0(R 2 ) on L 2 (R 2 ) such that 

p et ,(x) = ee 2 *° Q , Pee ,( y ) = e'e 2 ^. 

Because of the spectra of operators p ee '(x) and p ee i(y), we think of the *- 
representation p et r as realization of the algebra 0(R 2 ) on the quantum quarter 
plane R"'. 

Let us sketch the main ideas of our investigations and begin with the *- 
representation p ++ corresponding to the (open) quantum quarter plane Rg + . 
We want to construct "functions on the quantum quarter plane which are 
vanishing at the boundary". In order to do so, we define these "functions" as 
pseudo differential operators by means of the Weyl calculus [Fo], [St], that is, 

As symbol class we take the set of all functions a(xi,x 2 ) on R 2 which are in 
the intersection of domains of operators e 27rc i2i e 27rdiPi ^ ^^q-i^^v-i ^ wnere 

Ci,C2,di,d,2 € R. This set is a *-algebra, denoted 2t(R 2 ), with respect to the 
twisted product and involution of pseudodifferential operators. The first aim 
of our construction is to extend the algebraic structure and the left action of 
Mq(gh) to the direct sum 

A(R+ + ) := 0(R 2 ) + 2l(R 2 ) 

such that „4(R^ + ) becomes a left ZY g (<?Z2(R))-module *-algebra. We think of 
A(M+ + ) as counterpart of the *-algebra .4(R ++ ) := C[x,y] + C^°(R ++ ) of 
functions on the quarter plane R ++ equipped with the action of Lie algebra 
gl 2 (R). For each k E I? there exists a faithful linear functional h k on the *- 
algebra 2t(R 2 ) which is covariant with respect to the left action of U q (gh(M)). 
These functionals hk can be viewed as quantum anologs of the state on the 
*-algebra C(f D (R ++ ) given by the Lebesgue measure. Further, there are two 
[/^(g/^-covariant differential calculi on the algebra 0(R 2 ) invented in [PW] 
and [WZ]. We extend one of these calculi to a differential calculus on the 
larger algebra „4(R+ + ). Thus the key ingredients for a differential and integral 
calculus on the quantum quarter plane R^" + are developed. Similar considerations 
can be done for three other quantum quarter planes. We strongly believe that 
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this approach, with some technical modifications, could serve as a guide-line 
for the constructions of other non-compact quantum spaces as well. 

The next main step is the construction of the function *-algebra for the 
real quantum plane R 2 ,. The idea is to obtain the quantum plane by "gluing 
together the four quantum quarter planes at the coordinate axis". In order 
to do so, it is natural to begin with the direct sum 21 (1R 2 )4 of the four *- 
algebras 2l(R 2 ) corresponding to the quantum quarter planes. The elements 
of 2to(M 2 )4 are interpreted as "functions on the quantum plane which are 
vanishing at the coordinate axis". As in the case of the "ordinary" plane we 
consider 2l (R 2 )4 as subspace of the Hilbert space obtained from a covariant 
positive linear functional. Then the generators E' := q 1 ^ 2 (q—q~ 1 )E and F' : = 
q~ 1 / 2 (q — q~ 1 )F of U q (gl 2 \$L)) act on 2lo(lR 2 )4 as symmetric operators which are 
not essentially self-adjoint. In order to remedy this defect, we extend 2lo(R 2 )4 
to a larger *-algebra 2l(R 2 )4 by allowing, roughly speaking, symbols having 
singularities. All hermitean generators E', F',q~ 1 / 4 K 1 ,q~ 1 / 4 K 2 of W,(j! 2 (R)) 
and x,y of 0(R 2 ) act on the larger function *-algebra 2l(M. 2 ) 4 by essentially 
self-adjoint operators. Because of the singularities of symbols, we do not get 
actions of the whole *-algebras W 9 (j! 2 (R)) and 0(M. 2 ) on 2l(M 2 ) 4 . 

The aims and main steps of our construction are explained, at least to some 
extent, by the preceding discussion. However, the rigorous undertaking of this 
program requires a number of technical lemmas on unbounded operator theory, 
on quantum groups, and on the Weyl calculus. We have collected these results 
in a rather long preliminary Section 1. Moreover, notation and terminology are 
fixed in Section 1. The reader might start at Section 2. 

Let us describe the content of this paper more in detail. In Section 2 we 
investigate the left U q (gl 2 (R))-module *-algebra 0(R 2 ) and the covariant first 
order differential calculus on 0(R 2 ). In Section 3 the corresponding formulas 
and structures are extended to a larger auxilary *-algebra W. This *-algebra 
contains in an operator representation on the Hilbert space L 2 (IR 2 ) the operators 
e 2 ^ saQ+tpv \s,t E R. In Section 4 the left action of U q (gl 2 (R)) on these 
operators is used in order to derive a left action on operators Op(a) and so 
on symbols a G 2l(IR 2 ). In this manner, the symbol algebra 2l(IR 2 ) and the 
direct sum -4(M+ + ) = C(M 2 ) + 2l(M 2 ) of vector spaces become left U q (gl 2 (R))- 
module *-algebras. This is the function algebra of the quantum quarter plane 
R+ + mentioned above. We also extend the differential calculus of 0(R 2 ) to 
the function algebra „4(IR+ + ). In Section 5 we define for each k E Z 2 a 
W,y(g/2(ffi))-covariant faithful positive linear functional on the *-algebra 
2t(M 2 ) by a weighted integral over the symbol. The ^representations ipk of 
the *-algebras 0(M. 2 ) and U l q w (gl 2 {R)) on the associated unitary space 21^ := 
(2t(M 2 ), (•, •)&) are described on the generators. The ^representations tpk and 
product and involution of the *-algebra ^4(1R+ + ) are transformed by a unitary 
transformation to the Hilbert space L 2 (IR 2 ). These transformed structures are 
essentially used for the construction of the quantum plane in Section 6. In the 
last subsection of Section 5 a uniqueness theorem for the covariant functional 
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h k is proved. Section 6 is devoted to the construction of the real quantum 
plane from four quantum quarter planes. The function algebra of IR 2 can be 
thought as direct sum of function algebras of the four quarter planes with 
boundary conditions f(+0,y) = /(— 0, y) and f(x,+0) = f(x,—0). We first 
give an equivalent formulation of this picture and use then the corresponding 
formulas as motivation for the definitions of structures of the real quantum 
plane. We also define three unitary operators T q , T q and T q which interchange 
up to some powers of the generators K\ and K 2 the coordinate operators x, 
y and the corresponding g-deformed partial derivatives V q , T> q , respectively. 
The unitaries T q , T q , and T q can be considered as quantum analogs of the 
partial Fourier transforms and the Fourier transform, respectively. 

1. Preliminaries 

1.1 Algebraic Preliminaries 

All algebras in this paper are over the complex field. All the notions and 
facts on Hopf algebras and quantum groups used in this paper can be found 
in [Mo] and [KS], see also [FRT]. 

Let U be a Hopf algebra. We use the Sweedler notation A(/) = /m ® f( 2 ) 
for the comultiplication A(/) of / G U. A left U -module algebra Z is an algebra 
(without unit in general) which is a left W-module with left action > such that 

= (/ ( i)^)(/(2)^')> z,z'ez,fe U. (l) 

A dual pairing of two Hopf algebras U and A is a bilinear mapping (•, •) : 
Wxi^C such that 

(A(/), ai <g> a 2 ) = (/, a x a 2 ), (ft ft, a) = (ft <g> ft, A(a)), 

(/, 1) = e(f), (1, a) = e(o), (S(f), a) = (f, S(a)) 

for all f, ft, ft aU and a, a\,a 2 G A. By a dual pairing of two Hopf *-algebras 
U and A we mean a dual pairing (•, •) of the Hopf algebras U and A which has 
the additional property that 

(f*, a) = (ftSW) and (/, a*} = (S(f)*,a), feU, a E A. (2) 

Let (., .) be a dual pairing of Hopf algebras U and 21. Any right 2l-comodule 
algebra Z is a left W-module algebra with left action > defined by 

f»z = (f, Z(i))2( ), f eU,ze Z, (3) 

where <f>(z) = z^ <S> z^ is the Sweedler notation for the right coaction 0. 

Lemma 1. Suppose that (., .) is a dual pairing of Hopf *-algebras U and 21. 
If Z is a right %1-comodule *-algebra with right coaction <p : Z — > 2 ® 21, £/ien 
t/ie associated left action ofU on Z satisfies the condition 

(f»z)* = (S(fy)»z*, feu,zez. (4) 
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Proof. Since Z is a 2t-comodule *-algebra, the coaction preserves the involution, 
so that 

= (^)(0) ® (**)(D = (*(0))* ® (^(1))* = 0(^)*. 

Using this condition and the second relation of (§) we conclude that 

S(f)*»z* = (S(fY, (z*)(i))(s*)(o) = (/,(z (1 ))-)(z ( o))* = (/»«)*■ □ 

From now on we suppose that U is a Hopf *-algebra. Equation ([|) in Lemma 
1 gives the motivation for the following definition: A *-algebra Z is called a 
left U-module *-algebra if Z is a left W-module algebra with left action > such 
that equation ([|) holds. Then Lemma 1 says any right 2t-comodule *-algebra 
Z is a left W-module *-algebra with respect to the associated left action. 

Suppose that Z is a left W-module *-algebra with left action > and let x 
be a linear functional on the Hopf *-algebra U. We shall say that a linear 
functional fa on 2 is covariant with respect to \ if 

h(f»z)= X (f)h(z),feU,zeZ. (5) 

Suppose for a moment that fa ^ is covariant with respect to \. Then it 
follows from the conditions of a left action that x is a character, that is, 

*(/<?) = X(/M<7), /,ffeW, and X (l) = 1. (6) 

If in addition fa is hermitian (that is, h(z*) = h(z) for z & Z), then we conclude 
from (|) and (§ that 

x(f) = x(S(JT)JeU. (7) 

Note that a linear function fa on the W-module algebra Z is invariant if and 
only if fa is covariant with respect to the counit e. 

Lemma 2. Let fa be a linear functional on the left U -module *-algebra Z and 
set 

(y,x) := h(x*y), x,y E Z. (8) 

Consider the following three conditions: 

(i) fa is covariant with respect to x- 

(ii) X(f)(y,x) = (f(2)»y,S(f {1) )*»x) for f e U,x,y G Z. 

(iii) (f»y,x) = x(f(2))(y,f {1) *>x) for f eU,x,y E Z. 

Then we have (i)— »(ii)— >(iii). If Z has a unit, then (iii)— »(i) and so all three 
conditions are equivalent. 

Proof, (i)— >(ii): Using the formulas ©, (||) and (P and the fact that S o * o 
S o * = id in any Hopf *-algebra we get 

(f {2) »y,S(f {1) y>x) = = h((S(S(f {1) )r»x*)(f(2)»y)) 

= h((f {1) >x*)(f (2) >y)) = h(f»x*y) = X (f)(y,x). 



(ii) — ►(iii): Using once more the relation S'o*oS'o* = id and condition (ii) we 
compute 

(M x) = (f {2) >y, e((/ (1) *)x> = (f { s)>y, S^f^f^x) 
= (/( 3 )>y,S(/(2))*K/(i)*»z)> = x(f(2))(yj (1 ;»x). 

(iii) — >(i): Applying condition (iii) with x = 1 we obtain 

KM = (H, i) = xifmXy, /(!)*>!) = x(/(2))(y,e(/ (1 ;)i> 

= x(M^U^K^y)=x(f)Ky)- D 

The special case where x is the counit e and 2 has a unit will be stated 
separately as 

Corollary 3. A linear functional h on the left U -module *-algebra Z with unit 
is invariant (that is, h(f>z) = e(f)h(z) for / G U and z G Z) if and only if 
(f>y, x) = (y, f*>x) for all x,y G Z and f Eli. 

Suppose h is an invariant linear functional on the left W-module *-algebra Z 
such that the form (|J) is a scalar product. Then, by the implication (i)— ►(iii) 
of Lemma 2, the left action of li on Z is a ^representation of the *-algebra 
on the unitary space (Z, (-, ■)). 

Let <7i and o~2 be automorphisms of an algebra Z. Recall that a linear 
mapping T> of Z is called at (<Ti, a 2) -derivation if 

D(ziz 2 ) = 0-1(^1)^(^2) + V(z 1 )a 2 (z 2 ), z u z 2 G Z. 

A /irsi order differential calculus (briefly, a FODC) over an algebra Z is a 
2-bimodule T equipped with a linear mapping d : Z — ► T such that T is the 
linear span of elements zi-dz 2 , z\, z 2 G 2, and d^i^) = Z\-dz 2 + dzi-z 2 for 
z l3 2 2 G 

Next we recall the definitions of the Hopf algebras U q (gh), U q (sl 2 ) and 
0{GL q {2)) as used in what follows. Let U q (gl 2 ) be the complex unital algebra 
with generators E, F, Ki, K 2 , K± , K% and defining relations 

K X K 2 = K 2 K X , KjKj 1 = Kj x Kj = 1 for j = 1, 2, 

KiEK^ 1 = q 1/2 E, K 2 EK^ X = q~ 1/2 E, K^FK^ 1 = q~ 1/2 F, K 2 FK^ = q 1/2 F, 

EF — EE = \-\K 2 - R- 2 ), 

where we set 

K := K^K' 1 and X := q - q~ x . 

The algebra U q (g\ 2 ) is a Hopf algebra with structure maps given on the generators 
by 

A(Kj) = Kj <g> Kj, A(E) =E(g)K + K~ x ® E, A(F) = F (g) K + K' 1 ® F, 



e(Kj) = 1, e(E) = e(F) = 0, S(K 3 ) = Kj\ S{E) = -qE, S(F) = -q^F 

for j = 1,2. Note that the element L := K X K 2 is group-like and central. Let 
Mq(sh) denote the subalgebra of the algebra U{gl 2 ) generated by the elements 
E, F, K, K~ x . Clearly, U q (sl 2 ) is a Hopf subalgebra of U^gl-i). 

Let 0(GL q (2)) be the coordinate Hopf algebras of the quantum group 
GL q {2) and let Ujk,j, k — 1,2, be the entries of the corresponding fundamental 
matrix. There exists a dual pairing (.,.) of the Hopf algebras U q (gl 2 ) and 
0(GL q (2)). It is determined by the values on the generators K 1: K 2) E, F and 
tin, uu, U21, U22, respectively, which are given by 

(K^un) = (K2,u 22 ) = q- 1/2 , (#1,^22) = (#2,1*11) = (E,u 21 ) = (F,u 12 ) = 1 

(9) 

and zero otherwise. 

The algebra with generators x and y satisfying the relation xy = qyx is 
called the coordinate algebra 0(C q ) of the quantum plane C q . It is a right 
(9(GL g (2))-comodule algebra with right coaction (p given by 

ip(x) — x <g) u n + y <g) u 2 i, ip(y) = x <g> u 12 + y ® u 22 . (10) 

Let 0(Cg) denote the algebra with geneators x, a; -1 , y, y' 1 and relations 

xy = qyx, xx~ l = x~ l x = 1, yy~ l = yy^ 1 = 1. 

That is, 0(Cg) is the localization of 0(C q ) with respect to the elements x and 
y and the algebra 0(C q ) can be considered as a subalgebra of 0(C q ). 

Assume now that the deformation parameter q is of modulus one. Then 
there exists an involution / — > /* on the algebra U q (gl 2 ) determined by 

E* := -qE, F* := -q^F, K* := K u K* := K 2 . (11) 

Equipped with this involution the Hopf algebra U q (gl 2 ) is a Hopf *-algebra 
denoted by U q (gl 2 (R)). We often work with the hermitean elements 

E' := q 1/2 XE and F' := q~ l,2 \F 

of the *-algebra U q (gl 2 (M)) . Further, there is an involution / — > given by 

E^ := -g- 1 ^, F f := -qF, K\ := g" 1/2 #i, # 2 f := q' 1/2 K 2 (12) 

such that U q {gl 2 ) becomes a *-algebra. It will be denoted by U q w (ghiJS,)) ■ In 
Section 5 we study covariant linear functionals with respect to the character x 
on U q (gl 2 (R)) defined by x( K i) = x(K 2 ) = q 1/2 and x(E) = x( F ) = 0- Then, 
by Lemma 2, the corresponding left action of U q (gl 2 ) is a ^representation of 
the *-algebra U l q w (gl 2 (WL)) . 

The Hopf algebra 0(GL q (2)) is a Hopf *-algebra, denoted 0(GL q (2,R)), 
with involution determined on the generators by u* k = Ujk,j,k = 1,2. The 
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dual pairing (., .) of the Hopf algebras U q {gl%) and 0{GL q {2)) given by is 
also a dual pairing of the Hopf *-algebras W g (gZ 2 (K0) and 0(GL q (2, M)). 
Further, there exist an involution of the algebra 0(C 2 )) given by 

x *= x ,y* = y (13) 

such that this algebra is a *-algebra. It is denoted by 0{R 2 ) and called the 
coordinate *-algebra of the real quantum plane. From the preceding formulas 
we see at once that the right coaction ip of 0{GL q {2)) on 0(C 2 ) preserves 
the corresponding involutions, that is, 0(WL 2 ) is a right comodule *-algebra of 
the Hopf *-algebra 0(GL q (2, R)). Hence, by Lemma 1, 0(M. 2 ) is a left module 
*-algebra for the Hopf *-algebra U(gl2{M.)). 

Remark 1. In the literature the involution of U q (gl2{M.)) is often defined by 
the requirements E* = —E,F* = —F,K{ = K 1 ,K 2 * = K 2 . The latter defines 
indeed an involution which makes U q (gl2) into a Hopf *-algebra. However, 
with respect to this involution the dual pairing with (D(GL q (2,M.)) is not a 
dual pairing of Hopf *-algebras and the *-algebra 0{R 2 ) is not a left module 
*- algebra. 

1.2. Operator-theoretic Preliminaries 

First we fix some notation. Let J{a,b) be the strip {z e C : a < Imz < b}. 
The Fourier transform T and its inverse are used in the form 

{Tj){x) = f(x) = J e- 2mtx f(t)dt, {T- l f){x) = J e 2mtx f{t)dt. (14) 

Throughout, we denote the domain of an operator T by T*(T) and the scalar 
product of L 2 (M n ) by (•, •). Let V and Q be the self-adjoint operators on the 
Hilbert space L 2 (M) defined by 

PVX*) = h f'( x ) and (Qf)W = x f( x )- 

The operators V and Q are unitarily equivalent by the Fourier transform 

TO,?' 1 = -V, TVT- X = Q. (15) 

The first assertion of the following lemma describes the domain and the action 
of the operators e~ 2nl3 ' p for real (3. We formulate the result for (3 > 0; the case 
(3 < is completely similar. 

Lemma 4. (i): Suppose that (3 > 0. Let g(z) be a holomorphic function on the 
strip J~(0,P) such that 



sup / \g(x+iy)\ 2 dx < oo 

0<y</3 J 



Then there exist functions g(x) G L 2 (R) andgp(x) G L 2 (R) such that lim^o fi^ = 
g anrflim^ g y = g@ in L 2 (R), where g y [x) := g(x+iy) forx G R anrfy G (0, 
Setting g{x+i(3) := 573(2), 2 G R, we /iai>e 

lim g(x+n~ 2 i) = g(x) and lim g(x+((3— n~ 2 )i) = g(x+(3i) a.e. on R . 

n— »oo n— >oo 

T/ie function g belongs to the domain V(e~ 2nl3V ) and we have 

{e- 2 ^ v g){x) = g{x+(3i). (16) 

Conversely, each function g in the domain V(e~ 2nl3V ) arises in this way. 

(ii): For any (3 G R and 5 > 0, i/ie vector space U$ := Lin{e _<5x ' c G C} 
zs a core for the self-adjoint operators e 27r/3 ' P and e 2 *"^ . 

Proof. [S21, Lemma 1-3. □ 



Throughout this paper we assume that the deformation parameter q ^ ±1 of 
modulus one and that 7 is a fixed real number such that 

q = e 2 ™ 7 . 

Further, let a and (3 denote real numbers such that a/3 = 7 and put 

X = e 27raQ and Y = e 27r(3V . (17) 



From ( |T6"D it follows that the operators X and Y defined by flT7| ) satisfy the 
relation XYrj = qYXr) for each vector 77 G T>(XY) D P(KX). Therefore, for 
each e, e' G {+,—}, there exist a unique faithful ^representation p ee / of the 
*-algebra 0(R 2 ) on the domain 2l(R) such that 

p ee ,(x) = eXf2l(R), p e 4y) = e'Y\%(R). (18) 

Let 2l(R) be the set of entire holomorphic functions a(x) on the complex 
plane satisfying 

00 

sup / \a(x + iy)\ 2 e 2sx dx < 00 (19) 

5i<y<82 J 
— 00 

for all s, 81, 82 G R, 8\ < 82- From Lemma 4 we easily derive that 

+00 +00 
2l(R) = p| V[X n Y m ) = p| V{Y n X m ). 



n,m=— 00 n,m=— oo 



Clearly, 21 (R) is invariant under the Fourier transform and its inverse. 
Throughout, we denote by f a the function 

f a (x) = -2sinh7r/3(2x+m) (20) 



Q 



and by L a and R a the operators on the Hilbert space L 2 (R) given by 

L a = Z(V)e- 2 ™ Q , R a = e~ 2 ™ Q f a (V). (21) 

Some properties of these operators are collected in the next lemma. 

Lemma 5. (i) L a is a closed symmetric operator. 

(ii) R a is the adjoint operator of L a . 

(iii) 2l(R) is a core for the operator L a . 

(iv) / Q ('P)~ 1 2l(R) is a core for the operator R a . 

Proof. By formula (Jl5|), we can replace V by Q and Q by —V. But then the 
assertions (i)-(iii) have been stated in [S2] and [S4]. 

It remains to prove assertion (iv). First note that f a {'P)~ 1 is a bounded 
normal operator on the Hilbert space £ 2 (R), so B a : = / a (7 : ')~ 1 2l(lR) is a dense 
linear subspace of L 2 (R). We show that 

(R a \B a )*CL a . (22) 



Indeed, suppose that ( G V((R a \ B a )*). Then there exists a vector £ G L 2 ( 
such that (R a riX) = (ViO 101 an V e &a- Writing r\ as r\ = fa('P)' 1 r] 1 with 
r}' G 2t(R), we obtain (e" 2 ™ s V, C) = (V,/^)"^)- Since 2l(M) is a core for 
e -27raQ by Lemma 4(h), the latter implies that ( G P(e~ 2 ™ s ) and e _27raQ C = 
J*~{V)- l i. Thus, we have C G V(J^(V)e- 2naQ ) = V(L a ) which proves (H). 

By the assertion of (i), (f?2|) implies that (R a \B a )** 3 (£«)* = But the 
latter means that B a is a core for □ 

Next we essentially use some results obtained in [S4]. We restate them here 
using a slight different notation. For 5i,5 2 G M., 5i > 5 2 , let 7i(5i,(5 2 ) denote 
the set of all holomorphic functions / on the strip J7"(<5i,<5 2 ) satisfying 



sup / \f(x + iy)\ 2 e~ sx2 dx < oo 
<y<$2 J 



5i<y<8; 

— oo 

for all s > 0. By Lemma 2 in [S4], each function / G TC(d~x, S 2 ) has a.e. boundary 
limits f(x + i5\) and f(x + i5 2 ) on JR.. For notational simplicity we assume that 
a > 0. With some obvious modifications all results remain valid for a < 0. 

We apply Theorem 1 in [S4] to the function f(x) := —2 smh.2TT/3x and with 
a replaced by a/2. Note that f(x—ia/2) = f-. a {x), where f a is defined by 
(|20|). Then Theorem 1 in [S4] can be restated as follows. 

Lemma 6. There exist holomorphic functions w a G 7i(a, 0) andv a G Ti(a, —a) 
such that 

\w a (x) \ = \v a (x)\ = 1 a.e. on K, (23) 
w a (x) = f^ a (x)v a (x—ai),v a (x) = f^ a (x)w a (x—ai) a.e. on R. (24) 



in 



The functions w a , v a are uniquely determined up to a constant factor of modulus 
one by these properties. 

Let W a and A a denote the operator matrices 

^<w-(T^-U^).*-(AT)-«») 

Since \w a \ — \v a \ = 1 a.e. on K. by ( p3| ) and L* = i? Q by Lemma 5, W a (V) 
is a unitary operator and A a and B a are self-adjoint operators on the Hilbert 
space L 2 (R) ® L 2 (R). 

Lemma 7. W a (T)*A a W a (V) = B_ a and W a (V)*B a W a (V) = A_ a . 

Proof. By we have .FW^.F- 1 = W a (Q), Fe^^F" 1 = e 2naV and 
TL a T~ x = —2 smn/3(2x—ai)e 27Ta ' p , that is, FL a F _1 is the operator with 
f(x) = — 2sinh27r/3x and a replaced by a/2 in the notation of [S4]. Thus, 
under the Fourier transform the assertion W a (V)* A a W a (V) = B_ a is just 



equation (|24[ ) in [S4]. 

Next we prove that W a (V)* B a W a (V) = A_ a . Since the self-adjoint operator 
no proper self-adjoint extension in the same Hilbert space, it suffices 
to show that W a (V)*B a W a (V) 2 A- a which means that 

w a (V)*e 2 ™ Q v a (V) D L„ a = JZ(V)e 2 ™ Q , 
v a (V)*e 2 ™ Q w a (V) D = e~ 2 ™ Q f_ a (P). 



Note that f_ a (x) = f a {x). Applying the unitary transformation F ■ F 1 and 
using (|l"5|) it follows that the latter relations are equivalent to 



w a (x)e- 2 ™ v v a (x) D f a (x)e- 2 ™ r , (26) 
v a (x)e- 2 ™ v w a (x) D e- w /_ Q (x). (27) 

Recall that f(x ± |i) = f± a {x). Therefore, formula (p4]) can be rewritten as 

f- a {x)e?* aV = w Q e w ^, (28) 
e w / a (x) = v a e 2 ™ v wZ. (29) 

Let 77 G 2l(R). Since 77 G V(f^ a (x)e 27raV ) and hence ^ G V(e 2 ™ r ) by @§), 
we have v a i] G 2}(e~ 27rQfP ). The relations (|2q) combined with the facts that 
u> a G W(a, 0) and t> a G 7-^(a, —a) imply that v a (x+ai) = f^ a (x+ai)w a (x) a.e. 
on K (see e.g. formula (0) in [S4]). Since f_ a (x+ai) = f a (x), we obtain 



w a (x)e- nar v a (x)r] = w a (x)v a (x+ai)e- 27TaV r] = / a (x)e~ 27ra7 V 

That is, the operators uT^e~ 2 ' naV v OL and f a e~ 2naV coincide on the domain 2l(R). 
By Lemma 5, 2l(R) is a core for the closed operator L_ a and so for f a (x)e~' 27TaV = 
TL_ a T~ x . Thus we conclude that 

ur a e- 2 ™ v v a D f a e~ 2 ™ v . 
1 1 



Next we verify the second relation P^). By (P§[), w Q (a;)/ Q ,(a:) _1 ?7(x) G 
£'(e 27r " p ) and hence w a (x)/„ a (x) _1 r](x) G X^e -2 ™ 75 ). From (f26|) we derive 
that w a (x+ai) = f^ a (x+ai)v a (x) (see formula (|6]) in [S4]). Therefore, for 
(p(x) = f- a (x)~ 1 T](x) with 77 G 2l(R) we obtain 



v n [x e 



x+m)f- a (x+ai)- l e- 2 ™ v r) 
= n a (xK(x) e - w n = e~ 2 ™ v f_ a (x)ip. 

Thus, the operators ^e" 2m1, M) a and e~ 27TaV f- a coincide on the dense domain 

Since /„ ct (P)- 1 2l(R) is a core for R_ a by Lemma 5 and TR_ a T~ l 
e~ 2nar f_ a (x), it follows that v^e- 2waV w a D e~ 2 ™ v f- a (x). This proves fl2§) 
and completes the proof of Lemma 7. □ 

Lemma 8. Let c, d G K and 5q > 0. Suppose that 8\dc\ < 1. JTien i/ie vector 
space C So = ~Lm{e t ,s(x) = e 27r ( ite - fa2 ) ; £ G K, < 5 < 5 } is dense in 21(E) iwitfi 
respect to norm || • || Cid =|| (e 27rcQ + e~ 2ncQ ) (e 27Tdr + e - 2ndV )- \\. 

Proof. Since both operators e 27rcQ + e~~ 2lTcQ and e 2wdV + e~~ 2lTdV on the Hilbert 
space L 2 (R) are self-adjoint and greater than the identity, the operator domain 
£ c ,d ■= V((e 2wcQ + e - 2 ^S)( e 2 ^ + e - 27rdp )) equipped with the norm ||-|| Cjd is a 
Hilbert space. Assume to the contrary that the assertion of the lemma is not 
true. Then there exists a non-zero vector ipo G £ c ,d such that 

(( e 2-S +e -2-S )(e 2^P +e -2^ ) ^ 0; {e 2.cQ +e -2,cQ ){e 2, d V +e ~2dr )ets) = g 

(30) 

for t G R and < 5 < 5q. In order to write this relation in another form, we 
set 

Since ^ G L 2 (M), it follows that e n|x| &(x) G L X (R) for all jigN. Further, we 
compute 

^ e 27rdP_|_ e -27T<fP^ _ e -27r5(x 2 -d 2 ) ^ e 27ria:(t+2d<5)+7rt<5_|_ e 27rja;(t-2(i<5)-27rt5^ ^2) 

Therefore, condition (^) means that the Fourier transform £5 of the L 1 - 
function £5 satisfies the relation 

e 27Ttd £ s {t+25d)+e- 27Ttd £s(t - 2<M) = 0, tel. (33) 

Setting 

rj s ( t ) := e «(2S)-H^(46d)-Hi£ s{t) ^ (34) 
equation (|33|) is obviously equivalent to the relation 

T] S {t+28d) = r} S (t-25d), teR. (35) 
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Since e n l x l&(x) G L\R) for n G N, & is an entire holomorphic function on 
the complex plane and so is 7]$ by fl3"4"l) . Therefore, by d35|) , the function 775 is 
bounded on the real axis and hence e n| *^ (5 (t) G L 1 (M)nL 2 (M) for n G N by fl3|). 
Consequently, £5(2) is an entire holomorphic function and £5(2;) G £>(e n '' P ') for 
neN. Hence, by ([3lf) , 



((s) := (e 2 ^+e- 2wcx )V(x) = e W &(:r) (36) 

is also an entire function. 

Computing £s{ x ) by the inverse Fourier transform from £$(t) and using 
equation (|33|) , we derive that 

+ e- 8 ^ 2+8m5x ^(x+2c/i) = 0, iGl. (37) 

Inserting fl3"E|) into fl3~T| ) we conclude that 

C(x) + ((x+2di) = . (38) 

Since 8|dc| < 1 by assumption, the function (^ e 2 ^ca;_|_ e -27rcx-j-i - g holomorphic 
on the strip J ds := {x G C : |Im x\ < 2d+e} for small e > and 

inf {|(e 2wcs +e -2 ' rcs )- 1 |;a: G J d>E } > . (39) 

Therefore, since £a(x) G D(e~ AndP ) as noted above, we conclude from Lemma 
4 that the function e~ 27rSx ip(x) = (e 2ncx +e~ 2lTCX )~ 1 C i s(x) belongs to the domain 
V(e-^ dV ) and 



-*"* p '-- 2 * & *iJ>(x)) = e- 27r5(x - 2di)2 tP(x+2di) . (40) 



e e 



Note that ij){x) G L 2 (M) by construction and ^(x+2di) G L 2 (M) by 
and (H). Since e- 2nSx2 i/j(x) -> and e-** dp (p-** 6 * 2 -> V>0+2dz)~as 

5 — > by ([40l) and the operator e~ 47rrfP is closed, it follows that ij) G V(e~ AlvdV ) 
and (e _47rcfP 'i/0 (^O = ip{x+2di). Applying this fact and formula (38) we obtain 



(e" 4 ^,V) = / ^{x+2di)ij(x)dx 

3 (41) 

= - / ( e 2™ +e -2xa)( e M I +2fi) +e -2 TC ( I+2( i«)|-l|^ :c )|2 rfXi 



Because of the assumption 8|crf| < 1, we have cos Aitcd > 0. Hence the function 
under the integral sign in ( p]) is non-negative. On the other hand, since ip 7^ 
by construction, we have (e~ 4?rrfP ?/>, ■?/>) > 0. Thus we arrived at a contradiction 
and the assertion of Lemma 8 is proved. □ 

Next we turn to some facts on tensor products of certain operators. If T\ 
and T 2 are closed operators on a Hilbert space TC, then the symbol T\ ® T 2 
means the closure of the linear operator on the domain T>(Ti) (g> T>(T 2 ) in the 
Hilbert space H <&H defined by (Ti ® T 2 )(r] 1 ® r] 2 ) = T\r\\ ® T 2 r] 2 . 
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Let Vj and Qj,j = 1,2, be the self- adjoint operators on the Hilbert space 
L 2 (R 2 ) given by 

CPjf)(xi,x 2 ) = 5^ J£ (zi,x 2 ) and (0,7) fai, x 2 ) = Xjffaxz). 

Let M ++ := {/i = (/ii, /i 2 ) G M 2 : /ii > 0,/i 2 > 0}. For /x = (/ii, /i 2 ) G IR 2 we set 

The operators S(e 27Vfl ' p ), e 2n ^ v , e 27rM ' 7 '' and e 27I " M ' s ' are defined in a similar manner. 
Then we have 

:= P(^(e 2 ^ Q )S(e w )) = (°| ^(e^V 7 "^) = pj v ^^p^q^ 

(42) 

where Z| = {e = (£1,62) : £i,£2 G {!) — 1}} an d 27T£/i := (2iTEifii,2iTe 2 fi 2 ). 
If z/ G IR ++ , then is the vector space of all holomorphic functions on 

{ (2:1,22) G C 2 : |Im Zj\ < \uj\jj = 1,2} satisfying 

sup f f \a(x 1 +iy 1 ,x 2 +iy 2 )\ 2 e 4n{l ^ Xll+ ^ 2X2l) dx 1 dx 2 < 00 . (43) 
\yA<Wj\ J J 

The latter fact can be proved in a similar manner as Lemma 1.1 in [S2] using 
the Paley- Wiener Theorem. 

Lemma 9. (i) Suppose that /j = (//i,/i 2 ) G R 2 and f = (z/ 1; u 2 ) G R ++ . 
If f E V(S(e 2nuV )e 2 ^ Q ) n P(e 2 ^ tS 5(e 27r ^)), tfien 

|/(*i+n/i,S2+ijfe)| < ^((^i-|yi|)(^-b2|))- 1/2 e- 2 ^ lSl+ ^ 2) || e^'e 2 ^ 2 / || 

(44) 

forx!,x 2 ,y h y 2 G R, 1 2/1 1 < v x , \y 2 \ < v 2 . 

(ii) Let /I = (//!, /x 2 ), 1/ = 1*}) G M++. If f E X> M> „, i/ien 

|/(xi+zyi,x 2 +zy 2 )| < 

— ((^-|yi|)(^2-|y 2 |))" 1/2 e- 27r(w|:Bl|+/12|a:2|) V || e w V^ s / || (45) 

27T ^— ' 



2 



for xi, x 2 , y\, y 2 E R, < i/i, |y 2 | < ^2- r/ie vector space T>^ u is contained in 
the Schwartz space S{R 2 ). 

Proof, (i): Setting g = T f and Ej = Vj—\yj\,j = 1, 2, and using formulas (|T5|), 
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we get 



z 27r ^ lxl+ ^f(x 1 +iy 1 ,x 2 +iy 2 ) \ = \(e- 2nyV e 2 ^ Q T- 1 g)(x 1 ,x 2 )\ 



< 



\(^- 1 e- 2n y Q e- 2 ^ v g)(x 1 ,x 2 

2TTi(x 1 t 1 +x 2 t 2 ) ^ e -2TvyQ e -2-KfjtP 

1/2 



((2ne 1 )(2ne 2 ))-^ 2 



e 2ne\Q\ e ~2nyQ e -2^V g ||^ 



1 

1 



e 2ire\Q\-2wyQ e -2irnP 



' E ^ £ ^-l/2 || e 2TT((v 1 -\y 1 \)\t 1 \-y 1 t 1 + (v 2 -\y 2 \)\t2\-y2t2) e 2n f iVg 



271 
1 



-1/2 II „27r(yi|ti|+v 2 |t2|)„-27r. 



^i-\yMv2-\y2\)y 1 ' 2 1| e 2 ^e 2 ^f ||, 



which proves (f44|) . Note that by the domain assumptions on / the function 
g = J-f belongs to the corresponding operator domains, 
(ii): Since obviously || e *™\n e ^Qf ||< £ || £™v e 2^Q j ^ inequa i it y (H) 
follows at once from ( ]4"4| ) applied with /i replaced by e/i. 

Finally, we prove that <S(M 2 ) D Let a G D^ v . By (|42|), we have a G 

£>(e^ |s| ) which implies that a G V(Q r {® Q%) for all n, m G No- Similarly, since 
^(a) G by (||), we have F(a) G X>(Q?<8> QJ 1 ) and hence a G V(V{ 1 ®P r 2 n ) 
for n,m G No- Both conditions implies that a belongs to the Schwartz space 
5(1R 2 ) (see, for instance, Example 10.2.14 in [SI] for this apparantly weaker 
characterization of the Schwartz space). □ 

Lemma 10. Let c = (c\,c 2 ),d = (di,d 2 ) G M. 2 , 5\>0, 5 2 >0. Suppose that 
S\cjdj\<l for j = 1, 2. Then the vector space Cs 1 ® £s 2 is dense in 21(1R 2 ) with 
respect to the norm 



\c,d- 



S{e 2 * cQ )S{e 27TdV ) 



2TvdV\ 



(46) 



Proof. Assume the contrary. Then there exists a vector ip ^ which is 
orthogonal in L 2 (M 2 ) to S(e 2 ^ cQ )S(e 2 ^ dV )(C 5l ® £j a ). From the assertion of 
Lemma 8 it follows that (e 27rc ^ + e - 27T ^ Q ^){e 27Td ^ + e- 2nd ^)C Sj is dense in 
L 2 (IR) for j = 1, 2. But this in turn implies that ip = 0. □ 

Let 21(1R 2 ) be the intersection of all domains V(S(e cQ )S(e dp )), c,d G M 2 , or 
equivalently the vector space of all holomorphic functions on C 2 satisfying 
condition (|44|) for all /i, v G M 2 . Let r denote the locally convex topology on 
2t(R 2 ) defined by the family of norms (|4*B]), c, d, G M 2 . Since it obviously suffices 
to take a countable subfamily of such norms, the topology r is metrizable. 
Since 2l(M 2 ) is the intersection of domains V(e 27rcQ e 27rdV ), 2t(lR 2 ) is complete 



IF) 



with respect to this topology. Thus 21(R 2 )[t] is a Frechet space. The space 
2l(R 2 ) will play a crucial role as symbol algebra for the Weyl calculus. 

1.3. The Weyl Calculus 

In this subsection we shall be concerned with pseudodifferential operators on 
the Hilbert space L 2 (R) defined by means of the Weyl calculus. Our standard 
references in this matter are the books [Fo] and [St], see also [GV] and [H]. 
The Weyl correspondence assigns an operator Op (a) to any function a on R 2 
such that a G L X (R 2 ) by 

0p(0 )^//a,a,, W ^~^. (47) 

Recall that a is the Fourier transform (|TJj) of the function a. a and (3 are real 
numbers such that a[3 = 7 and q = e 27rry . Since a G L 1 (IR 2 ), the integral (|47j) 
can be understood as a Bochner integral and it defines a bounded operator 
Op(a) on the Hilbert space L 2 (R). 

Let us restate some well-known facts on the Weyl calculus (see [Fo], Chapter 
2). The operator Op(a) acts by the formula 

(Op(a)f)(x) = U a(l(x+y),t)e 2 ^~^ t f(y)dydt. (48) 

For the operator product Op(a)Op(b) and the adjoint operator Op(a)* we have 

Op(a)Op(b) = Op(a#b) and Op(a)* = Op(a*), (49) 
where the symbols a#b and a* are defined by 



(a#b)(xi,x 2 ) ■= 

4 WW G ( M i> m 2 )&(^i, v 2 )e 4 ^ [(xi - Ul)(x ' 2 - ,;2) - (l ' 1 - ,;i)(x2 - U2)1 ^irfM 2 ^ 1 ^ 2 , (50) 



a*(xi,x 2 ) := a(xi,x 2 ), £1,0:2 GlR. (51) 

Lemma 11. Let p = (p±,p 2 ), v = (^1,^2), p' = (p'nP 2 ), v' = {v[,v' 2 ) G R ++ , 
a £ T^n,v> b G V v i^i. For t G C, we have 

(52) 
(53) 
(54) 
(55) 
(56) 
(57) 
(58) 
(59) 





(a#b) = 


(e 2ntQl a)#(e ntr2 b) if |Re t\ < p u |Re t\ < 2i/ 2 , 




(a#b) = 


(e- ntV2 a)#(e 2TtQl b) if |Re t\ < 2u 2 , |Re t\ < p[, 


e 2ntQ 2 


(a#6) = 


(e 2ntQ2 a)#(e- wtVl b) if |Re *| < p x , |Re *| < 2v[, 


e 2ntQ 2 


(a#b) = 


(e ntVl a)#(e 27TtQ2 b) if |Re t\ < 2v x , |Re t\ < p' 2 , 




(a#b) = 


(e 2irVl a)#(e 27TtVl b) if |Re t\ < v u |Re t\ < u[. 


e 2ntVi 


(a#b) = 


(e^ tQ2 a)#(e-^ tQ2 b) if |Re t\ < v 2 /2, |Re t\ < u' 2 /2 


e 2ntV2 


(a#b) = 


{e 27TtV2 a)#{e 2ntP2 b) if |Re t\ < z/ 2 , |Re t\ < v' 2 . 


e 2ntV 2 


(a#b) = 


{e- 4ntQl a)#{e 4wtQl b) if |Re t\ < Vl /2, |Re t\ < u[/2 
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Proof. As samples, we carry out the proofs of formulas ( |52"D and (|5T|). The 
other equations are proved by a similar reasoning. 

First we prove formula ([57]) for real t. It is well-known (see [Fo], p. 104) 
that the Fourier transform of the product a#b is the twisted convolution of the 
Fourier transform jF(a) and Fib), that is T{a#b) = jF(a) * t Fip), where 



(c* t d)(xi,x 2 ) = J J c(ui,u 2 )d(x 1 -u 1 ,x 2 ~u 2 )e m(xiU2 X2Ul) duidu 2 . 

Using the preceding fact and formula (|15D we compute 
^(e 2 ^ 1 (a#6))(x 1 ,x 2 ) = {e^ tQ ^{a#b)) (x u x 2 ) 

= J J ^(a)(M 1 ,n 2 )^(6)(a;i-M 1 ,a; 2 -M 2 )e^ (xi(u2 - 2 ' i) ^ 2tll) rfM 1 dn 2 
= J J ^(a)(M 1 ,u 2 +2ti)^(6)(z 1 -wi,x 2 -M 2 -2ti)e 7ri(xiU2 - a:2Ul) dw 1 dw 2 

= J J (e- A7TtV2 f(a)) (Mi,M 2 )(e 4 ^ 2 ^(6))(x 1 - Ml ,x 2 -M 2 )e 7r4(:ClU2 - X2Ul) rfM 1 ^ 2 

= (e- 4 ^V(a) *,e 4 ^ 2 ^(6)) (x 1; x 2 ) 
= (JF (e 4rf22 a) * t ^(e- 4 ^ S2 6))(x!,x 2 ) 
= .F (e 47TtQ2 a#e-^ tQ2 b) (x x ,x 2 ) 

which in turn implies (f)7j). It remains to justify the fourth equality sign 
which follows by the formal substitution u 2 —>■ u 2 +2ti. First we note that the 
assumptions a £ V^ u and b £ V^iy imply that .F(a) £ and .F(&) £ T> u iy, 
so that F(a) £ V(e± 2nU2V2 ) and F{b) £ X?(e ±27n ^2). Therefore, since 2\t\ <v 2 
and 2\t\ < z/^, the function 

T(a)(u Xy u 2 )T{b)(x x -u x , X2 - U2 )e^ x ^ U2 - 2ti ^ X2U ^ 

of it 2 is holomorph on a strip — e < Im u 2 < 2|t|+e of the complex w 2 -plane for 
some small e > 0. Hence the integral of this function along the boundary of 
the rectangle with corners —R, R, R+2ti, —R+2ti vanishes. In order to justify 
the substitution u 2 — > u 2 +2ti, it is sufficient to show that the corresponding 
integrals from ±R to ±R+2ti tend to zero as R — > +oo. Using formula (|45|) 
we estimate 

2t oo 

//^ (o )( Ml , ± « + S ^(6)(, 1 - Ml , a;2 -( ± « +si ))e-<«(— W„, 



-oo 

2t oo 



< c 




-oo 



<- n -2ttu 2 R 
— ^3:1 ,12 c j 
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where C and C xljX2 are not depending on R. Since v 2 > 0, the integral goes to 
zero if R — > +00. This proves formula (|57| ) for real t. 

Next we prove (|52|) for real t. From the definition fl50|) of the product # we 
obtain 



^■ tQ i(a#b))( Xl ,x 2 ) 




(M 1 ,M 2 )6(t» 1 ,t; 2 )e 4 " i[(xi - Ul){x2 -^-* i/2) - (xi ^ l){x2 - U2)1 rfM 1 rfM 2 rft» 1 rft» 2 ^ 



Recall that a, b G by assumption. Hence we have a G T>(e ±27171121 ) and b G 
P(e ±2m 'a^). Since |tj < and |t| < 2v' 2 , the latter implies that a G £>(e 27rtQl ) 
and 6 G V(e ntV2 ). In fact, we even have that e 27rtSl a, e ntV2 a G for certain 
//, v G 1R ++ . Equation (|52[) follows from the preceding formula by the formal 
substitution t> 2 — > t> 2 + it/2. In order to show that this formal replacement 
is justified we integrate in the complex t> 2 -plane along the boundary of the 
rectangle with corners —R, R,R + it/2, —R + it/2, where R > 0. To complete 
the proof, it suffices to show that the integrals from ±R to ±R + it/2 tend 
to zero as R — ► +00. Indeed, using formula fljSp and the assumptions |t| < /ii 
and \t\ < 2v' 2 , we estimate 



t/2 




< c 



t/2 



dsduidu 2 dvi e 2ntUl a(ui, u 2 )b{v 1, ±i?+si) 

e 47ri[(i:i-Mi)(a;2 — (±R+si)— ti/2)-(xi-Di)(2:2— U2)] 

e 27rtu le -2 7 r(Mi|«i|+M2|« 2 |MI«ll+M^) e ^(^l-«l)(*/ 2 -^rf s rf ltl ^ 2 ^ 
00 t/2 




< C' e ~ 2 ^-R 

J.1 



-oo 
00 



where C,C'C'C'^ are numbers not depending on i?. Since /4>0, the 
integral goes to zero if i?— ^+00. This completes the proof of (|52D for real 
t. 

For imaginary t the above reasoning works as well. In this case we are 
lead to real translations of u 2 and v 2 , respectively, which are possible by the 
translation invariance of the Lebesgue measure. The case of general i G C 
follows by combining the real and the imaginary cases. □ 

For fi, v G let T>^ ,u denote the intersection of domains D^y (see (0)), 

where //', v' G fij < Hj, u'j < Vj for j = 1, 2. 
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Corollary 12. Let fi,u G R ++ . If \i\ < 2u 2 and \i 2 < 2v 1; then V^ u is a 
*-algebra with product # and involution * defined ft5Q) and $51 ), respectively. 
In particular, 2l(IR 2 ) is a *-algebra. 



Proof. Since [i\ < 2u 2 and fx 2 < 2z/i, we conclude from formulas (|52j) 
dH), (H) and (H) that a,b G W> v implies that a#b G P*". By @) it is 



obvious that a* G for a G £>^. Thus £>^ is a *-algebra. Since 2l(M 2 ) is 
the intersection of all domains T)^ v , 2l(IR 2 ) is a *-algebra as well. □ 

Lemma 13. Suppose that fi, v G Let || ■ || denote the norm of L 2 (M. 2 ). If 

a, be V^ v = V(S(e 2 ^ Q )S(e 2w,/V )), then a,b,b#a G S(R) and we have 



a(xi, x 2 )b(xi, x 2 )dx\dx 2 = J J (b#a)(xi, x 2 )dxidx 2} (60) 
II a#b || <|| a || || 6 || . (61) 

Proof. By Lemma 9(ii) and Corollary 12, we have a, b G 5(IR 2 ) and so b#a G 
5(R 2 ). From Proposition 2 in [St], p. 555, it follows that Op(a) and Op(b) are 
Hilbert-Schmidt operators and 

(Op{a),Op(b)) H s = Tr Op(b)*Op(a) = (a, b) and || Op(a) \\hs=\\ a ||, (62) 

where Tr is the trace and (-,-)hs and || • \\hs denote scalar product and Hilbert- 
Schmidt norm of Hilbert-Schmidt operators, respectively. Using formulas (|62| ) 
and fl49|) and the submultiplicativity of the Hilbert-Schmidt norm we obtain 

|| a#b || =|| Op(a#b) \\hs=\\ Op(a)Op(b) \\ HS 

<|| Op(a) \\hs\\ Op(b) \\hs=\\ a \\\\ b \\ . 



This proves (jHTj). 

Put c := b*#a. By (f48|), the operator Op(c) is an integral operator with 
kernel 

K c ( Xl ,x 2 )= /c(i(xi+x 2 ),t)e 2m(a;i - a2) *rft. (63) 



Since c G <S(IR 2 ), the function d defined by d(yi,y 2 ) = f c(yi,t)e 2my2t dt is in 
5(R 2 ) and so is the function K c (xi,x 2 ) = d(^(xi+x 2 ), X\ — x 2 ). It is well-known 
that any integral operator with kernel in the Schwartz space iS(R 2 ) is a trace 
class operator on L 2 (R) and that its trace is given by the integral over the 
diagonal. Using this fact and formulas (E3) and (pBf) we get 



Tr Op(b)*Op(a) = Tr Op{b*#a) = Tr Op(c) 
K c (xi, x\)dxi = 11 c(x\, x 2 )dxidx 2 



a(xi, x 2 )b(xi, x 2 )dx\dx 2 . 
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Comparing the latter with (p^), formula ( |6T)| ) follows. □ 

Our next proposition says that 2l(IR 2 ) [r] is a Frechet *-algebra with approximate 
identity. 

Proposition 14. (i) Provided with the product #, the involution * and the 
locally convex topology r, 2l(M 2 ) is a Frechet topological *-algebra. 
(ii) Set f e (xi,x 2 ) := e ~ ne( ~ x2+x 2\ For each a £ 2l(M 2 ), we /jave 

lim / £ #a = lim a#f £ = a (64) 
in the locally convex space 2l(lR 2 )[r]. 

Proof, (i): Recall that by definition the topology r is generated by the family 
of norms || e 27rc 2 e 27r *P. || ( c , d £ M 2 , where || • || is the norm of L 2 (IR 2 ). Fix 
c, d £ M 2 and put 

H = (fit, ^2)^1 := d x + Ci/2, /i 2 := ^2 - c 2 /2. (65) 

By (|5J), (0), O) and flBTp, we obtain 

|| e 2-s e 2^ (G#6) || = || ( e *r/iP a ) # ( e a^e e 2«w 6 ) ||<|| e ^ a mi e ^Q e ^ b || 

(66) 

for a,b £ 2t(R 2 ). Since || e 27rcQ e 27rd7 V || = || e 2ncQ e- 2wdV a ||, product and 
involution are r-continuous, so 2l(M 2 )[r] is indeed a topological *-algebra. Since 
2t(R 2 )[r] is a Frechet space as noted above, it is a Frechet topological *-algebra. 

(ii): Let b £ 2l(M 2 ) and ji = ([ii, [i 2 ) G M 2 . Our aim is to prove by explicit 
estimations that 

lim (e 27T ^ r f £ )#b = b (67) 
in L 2 (R 2 ). Note first that from the well-known equation 

/e-C— ds ^-/V«-e— .CC, (68) 

we obtain that 



Using the latter formulas and the definition (|50| ) of the product # we compute 
\b(xx,x 2 ) -((e 2 ^ v f £ )#b)(x 1 ,x 2 )\ 

b{xx,x 2 )-A J I ^(e 2 ^ v f £ )(2x 2 -2v 2 ,2 Vl - 2x 1 )b(v u v 2 )e 4m{viX2 - xlV2) dv 1 dv 2 

\ J J (b(xx,x 2 ) - b(vx,v 2 ))dvxdv 2 (69) 

^ — 4:TTe~ 1 ((x2-V2) 2 + (vi~Xl) 2 )+4:TT((x2~V2)fJ.l + (vi—Xl)^2)+4:1Ti(viX2—XlV2) 

<- £ JJ e- An£ ~ 1({xi - Vl)2+{x2 ~ V2)2)+4 ^ X2 - V2) ^^ 

(70) 
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Fix a number 5 > 0. Since b G 2l(R 2 ),(^3[) holds for arbitrary v, [l G 
Hence there exists M G M such that for (xi,^) G M 2 , 

Further, since e' ai ' + ' a!2 '6(ari, £2) — > as |sci| + | 1 — ► +00 by ([H|), the function 
c(xi,a;2) := & xl \ + \ X2 'b(xi, x 2 ) is uniformly continuous on M 2 . Thus there exists 
5\ such that 1 > 8\ > and 

(l + eM)e 4 " (lml+l/X2|) |c(x 1 ,x 2 ) - c{ Vl ,v 2 )\ < 5 

for (xi — v 1) 2 + (0:2 — t> 2 ) 2 < 5 2 - From this and ( [71]) we easily derive that 

elxil+lxalgMCxa-^w-fxi-i,!)^)!^^^ _ fc^^)) < 5 (72) 

when (xi — t>i) 2 + (a; 2 — t> 2 ) 2 < 8f. 

Next we turn to the domain where (xi — V\) 2 + (x 2 — v 2 ) 2 > 8f. Obviously, 
there exists ifei such that 

-ve-\t\ + t 2 2 ) + 471(1/1x1 + l)|tx| + (|/i 2 | + l)|t 2 | < K (73) 

for all (h,t 2 ) G R 2 and 1 > e > 0. If (m - t>i) 2 + (x 2 - w 2 ) 2 > <5 2 , then by (0) 
and (|73|) we obtain that 

< e -, £ - 1 (( I1 -» 1 ) 2 +( l2 -»2) 2 ) e Jf 2M < e -^" l5 ? e ^2M < 5 (74) 

for sufficiently small e > 0. 
Using the relation 



by (§§), it follows from estimates (§§, (0) and (|74|) that 

16(^1.^2) - ((e 2 ^/ £ )#6)(a; 1 ,x 2 )| < 3*e-'^'— 

and so || 6 - {e 27r » v f £ )#b ||< 125 for small e > 0. This proves (pY|J . 

Now let a G 2t(M 2 ) and c, d G M 2 . Let // be as in (§|). Applying (0) with 

b = e 2ncQ e 2ndV a, we get 

|| e 2-Q e 2^ (/e#a _ a) || = || ( e 2^ /e)#(e 2-S e 2^ a) _ e 2-S e 2^ a Q 

as e — > +0. This proves that lim f £ #a = a in 2l(M 2 )[r]. Applying the involution 

e^+0 

we obtain the second equality in (p4|). □ 

Remark 2. Upon scaling and multiplying by parameters, the operators Op(f e ), 
e > 0, form the so-called Hermite semigroup e -277 *^ +Q \ t > 0, acting on the 
Hilbert space L 2 (M 2 ), see [Fo], pp. 236-238. 
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In this paper we shall mainly use the symbol algebra 2l(M 2 ). However, for most 
considerations it suffices to work with the smaller symbol algebras 

2l ex .(M 2 ) := Un{e- eiX "- £2X ^ Xl+C2X2 -e l > 0,e 2 > 0,ci,c 2 G C}, 
% ex (R 2 ) := Lin{:rf x" 2 e- £l ^- £2 ^ +ClXl+C2 *Vj > 0, G C, rij G N }. 

Both 2l ex (lR 2 ) and 2l pex (M 2 ) are *-algebras with multiplication flo*0| ) and involution 
(|51|). In order to prove this assertion it is sufficient to show that a#b is in 
%i ex (R 2 ) resp. 2l pex (R 2 ) when a and 6 are so. In the case of 2l ex (lR 2 ) this can 
be verified by direct computation of the twisted product a#b using formula 
(B8p. From formula (3) in [GV] it follows at once that a#b G 2l pex (lR 2 ) for 



a,6G 2l pei (M 2 ). 

2. The Coordinate Algebra C(Cq) of the Quantum Plane 

2.1 0(C 2 ) as a left module algebra ofU q (gl2) 

Let > be the left action of U g (gl 2 ) on 0{€? q ) associated with the right coaction 
of 0{GL q {2)) defined by (||). From (0) and © we then obtain 

= q~ 1/2 x, K^y = y, K 2 >x = x, K 2 >y = q~ 1/2 y, (75) 
Eox = y, Eoy = 0, Fox = 0, F>y = x. (76) 

Moreover, since s(Ki) = e(K 2 ) = 1 and e(E) = e(F) = 0, we also have 

Kx>l = 1, K 2 >1 = 1, E>1 = 0, F>1 = 0. (77) 



The following proposition derives the action of the generators Ki, K 2 , E, F 



of U q (gl 2 ) on general elements of the algebra C(C 2 ). We set 



D q - 2 (f)(x) : 



f(x) - f(q 2 x) 



Proposition 15. If g and h are complex polynomials in a single variable, then 
we have 

K lt >(g(x)h(y)) = g{q- l l 2 x)h{y), K 2 »(g{x)h(y)) = g(x)h{q- l l 2 y), (78) 
E >(g(x)h(y)) = q-^D^igiq^-^yhiq^y), (79) 
F >( 9 (x)h(y)) = q- l l 2 g{q l ' 2 x)xD q -,{h{q l / 2 .)){y). (80) 

Proof. Since C(C 2 ) is a W g (gZ 2 )-comodule algebra, equation ([[]) holds. The 
assertion follows from this equation combined with formulas ([75]) and (|77|) . For 
the generators K\ and K 2 this is obvious. We carry out the proof of formula 
(|80|). The proof of formula (|79|) is similar. 

Since A(F) =F®K + K' 1 ® F, it follows from flip that 

F>(zz') = (F>z) + (JT^zXiW)- (81) 
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Recall that Fox = and F>1 = by ( [75| ) and ([771). Using these facts it 
follows from fl8~l|) by induction on n that F>x n = for n G No- Thus we have 
F>#(x) = 0. 

Since -fT _1 [>g(:r) = >K 2 t> g(x) = K^ 1 >g(x) = g{q 1 ^ 2 x) 1 we derive from 
(|8l|) , applied to 2; = gr(a;) and 2/ = that 

F>(g{x)h(y)) = g(q l / 2 x)(F»h(y)). (82) 

Therefore, in order to prove ( j80|) it suffices to show that 

F>y n = q- 1/2 q n/2 xD q -2(y n ), n G N. (83) 

We prove ( |33"D by induction on n. If n — 1, then (|83|) is true by (|75|). If fl33|) is 
valid for a, then it follows from ( |%TD and (|7J^) that 

F>^ +1 = (F>y)(K>y n ) + {K'^F^) 

= *(g"V) + (^ 1/2 Z/)(^ 1/2 (1 - ^ 2 )^(1 " q- 2n )q n/2 xy n - 1 ) 
= <f /2 (l + q~ 2 (l - g" 2 )" 1 ^ - g" 2 "))xy n 
= q~ l ' 2 {l - q- 2 )-\l - q- 2{n+1 ^ n+1 ^ 2 xy n 

= q- 1/ V n+1)/2 xD g - 2 (y n+1 ), 

which proves (|83D in the case of n + 1. □ 
For z G O(Cg), we define 

I>«(z) = Ky- x E!>z, V q y (z) = Kx^F'oz, (84) 

where the elements y" 1 and x~ l of 0(C 2 ) act by left multiplication on 0(C 2 ). 
From (]79f) and ( j30|) we obtain 

P«( fl (a:)/i(y)) = q 1/2 \D g -2 (g) (qx)h(qy) , (85) 
D«(<7(;r)%)) = q-^Xg^D^h^qy). (86) 

for polynomials g and h. 

For r, s G N , let a rs denote the automorphism of the algebra 0(C 2 ) defined 
by a rs (z) = K^K^ZjZ G 0(C 2 ). From formulas (ff8|)-(p0|) or ( jS5|) we easily 
derive that D q x is a (cr_ 2i o, o"2,-2)-derivation and V q is a (cr 0i _2, cr 2i 2)-derivation 
of the algebra 0(C 2 ), that is, for zi, z 2 G 0(C 2 ) we have 

B*(* l2fa ) = {Kf> Zl )Vl{z 2 ) +Vl(z 1 )(K 2 K^>z 2 ), 
Vl( Zl z 2 ) = (K^> Zl )Vl(z 2 ) +V°(z 1 )(K*K*>z 2 ). 

In the limit q — > 1 the preceding equations go into the Leibniz rule. We shall 
consider the linear mappings T> q and T> q as g-deformed partial derivatives of 
the algebra O(CJ). 
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2.2 Covariant Differential Calculus on 0(C 2 ) 

As shown in [PW] and [WZ] , there are two distinguished first order differential 
calculi r + and T_ on 0(C 2 ). For both calculi, the set of differentials {dx, dy} 
is a basis for the right (and for the left) (9(Cg)-module of first order forms. 
Therefore, for any z G 0(C 2 ) there exist uniquely determined elements d x (z) 
and d y (z) of 0(C 2 ), called partial derivatives of z, such that 

dz = dx-d x (z) + dy-dy(z). (87) 

The bimodule structures of the calculi r + and T_ are described by the following 
commutation relations: 

T + : xdy = qdy-x + (q 2 — l)dx-y, ydx = qdx-y, (88) 

xdx = q 2 dx-x, ydy = q 2 dy-y. (89) 

T_ : ydx = q~ l dx-y + (q~ 2 — l)dy-x, xdy = q~ x dy-x, (90) 

xdx = q~~ 2 dx-x, ydy = q~ 2 dy-y. (91) 

From these relations we see that r/ + := y~ 2 xdx and := x~ 2 ydy are non- 
zero central elements of the bimodules T + and T_, respectively Recall that an 
element r\ of a bimodule over an algebra Z is called central if r\z = zrj for all 

z e z. 

Note that the relations for T + go into the relations of T_ if we interchange the 
coordinates x and y and the numbers q and q -1 . The partial derivatives d x 
and d y , considered as linear mappings of 0(C 2 ), and the coordinate functions 
x and y, acting on 0(C 2 ) by left multiplication, satisfy the relations: 

F+ : d x y = qyd x , d y x = qxd y , 

d x x - q 2 xd x = 1 + (q 2 - l)yd y , d y y - q 2 yd y = I. 
T_ : d x y = q^yd x , d y x = q~ l xd y) 

d x x - q~ 2 xd x = 1, d y y - q~ 2 yd y = 1 + {q~ 2 - l)xd x . 

From these formulas one derives by induction the expressions for the actions 
of d x and d y on general elements of 0(C 2 ). If g and h are complex polynomials 
in a single variable, then we have: 

T + : d x (g(y)h(x)) = g(qy)Dg-,(h)(x),dy(g(y)h(x)) = Dg- 2 (9)(y)Hx), (92) 
T_ : d x {g{x)h{y)) = D q -,(g)(x)h(y),dy(g(x)h(y)) = giq'^Dg-^y). 

(93) 

All these facts and formulas are well-known. We now give another description 
of these calculi. Let Q be the free bimodule of the localization algebra 0(C 2 ) 
generated by a central vector space V. That is, £1 is the vector space 0(C 2 ) <g> V 
with bimodule structure given by 

u (^^ Zj ® Cj^v := uZjV <S> ej, (94) 
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where u,v,Zj G 0(C 2 ),ej G V. For notational simplicity, we write ze instead 
of z <S> e, where z G 0(C 2 ) and e E E. Fix two elements ei, e2 6 F and put 

u; + := q~ 2 y 2 x~ 2 e\ + x~ 2 e2, cl>„ = q 2 x 2 y~ 2 t\ + y~ 2 e 2 , 
d + z := — cLz := a;_z — zo;_, z G O(C^). 

Let us abbreviate Z := (^(C 2 ,). Obviously, T e := Z-d £ Z-Z is a Z-bimodule 
and the mapping d £ : Z —>■ T £ satisfies the Leibniz rule for e= +,—. Thus, the 
pair (T £ ,d £ ) is a first order differential calculus over the algebra Z = 0(C 2 ). 
For the differentials of the coordinate functions we obtain 

d + x = {q~ 2 - \)y 2 x~ x e u d + y = {q~ 2 - \)q~ 2 y 3 x~ 2 e x + {q~ 2 - l)yx~ 2 e 2 , 

(95) 

d_x = (q 2 - l)q 2 x 3 y~ 2 e 1 + (q 2 - l)xy' 2 e 2 , d_y = (q 2 - l)x 2 y~ 1 e 1 . (96) 

Lemma 16. Suppose that the elements e\ and e 2 are linearly independent. 
Then the first order differential calculi T £ and T £ ,e = +, — , are isomorphic. 

Proof. Since {dx, dy} is a free left (9 (C 2 ,) -module basis of r e , there is a well- 
defined left 0(C 2 ) -module homomorphism ij) e : T E — > T £ such that 

?p £ (udx + vdy) = ud £ x + vd £ y, u,v G (9(C 2 ). 

In order to prove that ip e is an (9(C 2 )-bimodule homomorphism, it suffices 
to show that the relations Q58D and (B^) resp. (PC|) and QDTJ) hold also in fl + 
and fi_. As a sample, we verify the first relation of (p0|). The other relations 
follow by similar straightforward computations. Using formulas (|9l)D and the 
commutation rules in the algebra 0(C 2 ), we obtain 

q~ x d~x-y + (q~ 2 — l)d-y-x = 

(q 2 - \){qx 3 y~ 2 e x y + q~ 1 xy~ 2 e 2 y + {q~ 2 - l)x 2 y~ 1 e 1 x) = 
(q 2 - l)((qx 3 y~ 1 + (q~ 2 - l)qx 3 y~ 1 )e 1 + yxy~ 2 e 2 ) = yd^x. 

From the construction it is clear that ip £ is a surjective FODC homomorphism. 
We show that ip- is injective and suppose that ud-X + vd—y = for some 
elements u, v G 0(C 2 ). Inserting the expressions from ( |9~6"|) and using the 
assumption that e\ and e 2 are linearly independent, we get 

uq x y~ + v x y = 0, vxy = 

which in turn implies that u = v = 0. The proof for ip + is similar. □ 
We shall identify the isomorphic calculi T £ and T £ . The above approach 
to the calculi T £ is convenient for many purposes. Among others, it allows us 
easily to extend these calculi to larger algebras. 
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The partial derivatives d x and d y can be also expressed in terms of the action 
of the generators of U q {gl 2 ). Combining the formulas (|79|), (|80D and (|92|) we 
obtain for the calculus T_ the relations 



d x (z) = q^y^EKfK^z, d y {z) = q^x~ 1 FKfK 2 >z 

for z G 0(C 2 ), where the action of E, F, K\, K 2 is given by Proposition 15 and 
the elements y~ l and x" 1 act by left multiplication on 0(C 2 ). 

3. An Auxilary *-algebra W 

3.1 The U q (gl 2 (R)) -module *-algebra W 

Let W denote the *-algebra generated by the operators 

W(s, t) := e 2 ^ SQQ+t ^ r) , 8 ,teC. (97) 

These operators satisfy the relations 

W{s u tx)W(s 2 , t 2 ) = e m ^- s ^W( Sl +s 2 , tt+h), (98) 
W(s,t)* = W(-s,-T) (99) 

for Sx, t±, s 2 , t 2 , s,teC. By Lemma 4, the operator W(s, t) acts as 

(W(s,t)f)(x) = e 2wisax+wist ^f{x+t). (100) 

Equations ( |9~8D and ( |100| ) hold for vectors contained in the corresponding 
operator domains. For instance, they hold on the domains T>$, where 5 > 0, 
and 2t(M 2 ) in the Hilbert space L (R ). Each of the dense subspaces is an 
invariant dense core for all operators W(s,t). From (|Tj]) and ( |100| ) we see that 

W(-i, 0) = X, W(0, -i) = Y, W(s, 0) = X is , W(0, t) = Y is , s G C. (101) 

Our next aim is to define a left action of the Hopf algebra U q (gl 2 ) on W. 
Let us identify the generators x with X = W(— i, 0) and y with Y = W(0, —i). 
Then 0(M. 2 ) becomes a *-subalgebra of W. We now use formulas ((T5|)- 
(which have been proved only for polynomials g and h\) as a motivation and 
extend them formally to the functions g{X) = X ls and h(Y) = Y lt , s,t G C, 
of the positive self-adjoint operators X and Y defined by ([17]). Throughout we 
interpret expressions (q k / 2 X) ts and (q k / 2 Y) lt as e~ nkls e 2msaQ and e-^T'e 2 ™ 1 ^ , 
respectively, for k = 0, ±1, 3 and s, t G C. Recall that 

W(s, t) = e n ^ st W{s, 0)W{0, t) = e ^ st x is Y u (102) 



by ([J7]). Applying now ( [7S| ) and (|5D| ) formally (!) and using ( |102| ) we derive 

AF>W(s,i) = Xe m ' rst ((F>X is )(K>Y it ) + (R-^X^F^YX 11 ) 
= Ae m7St (0 + (q ll2 X) is q- ll2 XD q -2((q l l 2 Yf)) 

= ^(1 - g-V^V^X-X ( fal/2y g; ( !^' 2y),t ) 
= g 1 / 2 g _7r '>'' s g 7ri ')' s *j^* s j^ (e _7r7i — e 37r7 *) y^Y^ 1 

= g 1//2 e — (e -71 " 7 * e 37r7 *) g 7 ™'}' 8 *^ is+iy-it— 1 

= c^V 7 ^ (e^ 7 * - e 37r7 *) e^W^s-z, 0)W(0, 

= g^V" 7 * (e^ 7 * - e 3 " 7 *) e 7ri7St e- 7ri7( ^ i)( * +i) W^(s-i, t+i) 

= (e~ 2n ~ ft - e 27r7 *) H^(s-i,t+i). 

The formulas for the actions of the other generators E, K\ and K 2 are derived 
by a similar formal reasoning. Replacing (|80"D by (|79|) and (|78|) we obtain 



A£>W(s,t) = (e~ 27r7S - e 27T ^ s )W(s+i,t-i), 
Ki>W(s, t) = e njs W(s, t), K 2 *W(s, t) = e nlt W(s, t). 

We now take the above formulas which have been obtained by formal 
algebraic manipulations as the starting point for the rigorous definition of 
a left action oiU q {gl2) on the *-algebra W. That is, for s,t G C we define 

E >W{s, t) = X- 1 ^- 2 ^* - e 2 ^ s )W{s+i, t-i), (103) 
F >W{s, t) = A-^e" 2 " 7 * - e^Wis-i, t+i), (104) 
K x >W{s, t) = e^ s W(s, t), K 2 >W(s, t) = e nlt W(s, t). (105) 



Proposition 17. With definitions ^T0^)-^T0dj), W is a left U q (gl 2 (R)) -module 
*-algebra. 

Proof. Since the set of operators W(s,t), s,t G C, is linearly independent as 
easily shown, the preceding definitions extend uniquely to well-defined linear 
mappings of W into itself. It is straightforward to check that the terms K\E — 
q l ' 2 EK l , K 2 E-q- l l 2 EK 2 , K\F—q~ x l 2 FK\, K 2 F-q l ' 2 FK 2 and XEF—XFE— 
K 2 + K~ 2 applied to an arbitrary basis element W(s,t) of W vanish. Thus, 
formulas ( |103| )-( |iT)5| ) define indeed a left action of the algebra U q (gl 2 ) on W. 
That the left module W is a U^gl-^-modvle algebrame&ns that (H) is satisfied. 
It suffices to check this condition for the generators / = E, F, Ki,K 2 , K± , 
K^ 1 and z = W(s,t),z' = W(s' ,t'), s,t, s' ,t' G C. As a sample, we carry out 



97 



this for the generator f = E. Using ( |1(J3| ), ( |105| ) and ( |10(J| ) we compute 



X{E>W{s, t)){K>W{sf, t')) + XiK' 1 > W{s, t)){E»W{s', t')) 
= ( e -2hry« _ e 2 " 7S )e 7r7(s '- ^ ' ) ly(s+^,t-^)lU(s',^ , ) 
+ e ^(*- s )( e - 27r7S ' - e 27r7S ')iy(s, t)W(s' + it'-i) 

+ e ^( i - s )( e -^ 7S ' - e^'y^s'+^-^'-^wis + s'+i,t + t'-l) 

= Ae 7rl7(s ''- s *' ) E>^(s+s',t+t') 
= A£>(W(s,i)W(s',t'))- 

This proves (JIJ) in the case f = E. 

Finally, it remains to check that (|J) holds. Since W is a left W g (g/2)- m odule 
algebra as just shown, it suffices to do this for the generators / of U q {gl2). 
Again we restrict ourselves to the case / = XE, z = W(s,t). Since S(XE)* = 
X(-q)E* = -XE by (|lID and W(s,t)* = W(-s, -t), we have 



(XE>W(s, £))* = (e- 2 " 7S - e 2 ^ s )W{s + i,t- i))* 

= ( e -2ir~fS _ e 2n^ W (_- + ^ _J _ ^ = _ X E»W(-S, ~t) 

= s(\E)*>w{s,ty. □ 

The *-algebra W consists of Hilbert space operators and formulas ( |103| )- 
( 105 ) have been derived by using formal operator calculus. However, the content 



of Proposition 17 is purely algebraic: It is obvious that the complex vector space 
W with basis W(s, t), s, t G C is a *-algebra with multiplication and involution 
defined by (p8|) and (|99|). Proposition 17 says that W is a W g (g/ 2 (IR))-module 
*-algebra with respect to the left action defined by ( |103| )- (|105|) . 



Recall that 0(R 2 ) is a Wq(^/ 2 (lR))-module *-subalgebra of W. By definition, 
the products xw and yw for w G W are the operator products Xw and Yw, 
respectively, in the Hilbert space L 2 (R). From ( P7| ) and ( |1(J1| ) we obtain 

xW(s, t) = e- n ^W(s-i, t), yW{s, t) = e^ s W(s, t-i), (106) 
W(s, t)x = e nlt W(s-i } t), W(s } t)y = e~ nls W(s, t-i). (107) 

3.2 Covariant differential calculus on W 

In this subsection we extend the differential calculus T_ of 0{R 2 ) to W. In 
order to do so, we use the approach given in 2.2 with Z = W and write T, d, u 
for r_, <i_, respectively. 

As in 2.2, we set u = q 2 x 2 y~ 2 e\ + y~ 2 e 2 and define 

dz = ujz — zuj, z G W. 

Obviously, V := W-dW-W is a first order differential calculus over W with 
differentiation d such that the differentials dx, dy form a free left W-module 



basis of T. Because of this property, the partial derivatives d x (z) and d y (z) are 
well-defined by ( [B7|) . In order to compute the latter for z = W(s, t), we use the 
commutation rules xW(s,t) = e~ 27TJt W(s,t)x and yW(s, t) = e 27TJS W(s,t)y 
(by ( |106|) and ( |107|) ) and the expressions (^) for dx and dy. Comparing 
coefficients in (1871), we obtain for s, t 6 C, 



1 _ g47T7S i _ g47T7i 

d x (W(s, t)) = l _ g _ 2 e^Wis+i, t), d y (W(s, t)) = - _ ^ e 3 ^ s W(s, t+i. 



4. The W q (gl 2 (M))-module *-algebra -4(M+ + ) 

4-1 In the preceding section we extended the action of the Hopf *-algebra 
U q (gl2(M)) on 0(R 2 ) to the larger *-algebra W such that W is a left module 
*-algebra of U q (gl2{M)) . We now go one step further and make the *-algebra 
2t(M 2 ) into a left Wq(g/2(IR))-niodule *-algebra. In order to do so we use the 
formulas ( pL03| ) — ( p~Q5|) in order to derive the corresponding formulas for the 
action of the generators E, F, K±, K 2 on Op(a). Suppose that a G 2t(R 2 ). For 
the generator E we obtain 



XE>Op(a) = 1 J J a(as, pt)(XE>W(s,t))dsdt 

= 7 [ [ a(a(s-i), p(t+i))(e- 2n ^ s - i) -e 2 ^ {s - i) )W(s,t)dsdt. 



Let us explain the steps of this computation. The first equality is only a formal 
interchanging of integrals and left action, while the second follows from formula 
( 103|) . The third equality is obtained by the formal replacements s — > s+i 



and t — > t—i. These substitutions are justified by a standard argument from 
complex analysis which has been used already in the proof of Lemma 11: The 
integral of the holomorphic operator-valued function 

s -> a(as, ^t){e~ 2 ^ s -e 2 ^ s )W{s + i,t-i) 

along the boundary of the rectangle —R, R, R—i, —R—i for fixed i 6 C and 
R > is zero. By Lemma 9, the integrals from R to R — i and from —R — i 
to —R tend to zero as R — > +oo. Arguing similarly for the variable t, the 
third equality is obtained. In order to complete this reasoning, we note that 
the function 

a(a(s-z),/3(t+z))(e- 27r7(s - i} - e 2 " 7 ^) 
is the Fourier transform of the function cle £ 2l(M 2 ) defined by 



a E 



(x 1 ,x 2 ) := e 2 ^ X2 - axi \a{ Xl + fit, x 2 ) - a{x x - 0i, x 2 )). (108) 
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Thus, we have seen that XE>Op(a) = Op(cle)- Using ( |104| ) and ( |105| ) instead 
of (|103|) a similar reasoning shows that XF>Op(a) = Op(a F ) and Kj<>Op(a) = 
Op(aKi), where the symbol a F , clk* £ 2l(R 2 ) are given by 

a F (xi,x 2 ) = e 2n( ^ axi ~ l3x2 \a(xi, x 2 + ai) — a(xi,x 2 — ai)), 
a Kl (xi,x 2 ) = a(xi - §i,x 2 ), 
a K2 {xi,x 2 ) = a(xi,x 2 - fi). 

Summarizing, in terms of the symbol we have derived the following formulas 
for the actions of the generators E, F, K\, K 2 of U q (gl 2 (R)): 

{E>a){x u x 2 ) = A- 1 e 2 " (/3a;2 - QXl) (a(xi+/5i,x 2 ) - a(x 1 -/3i,x 2 )), (109) 
{F>a){x 1 ,x 2 ) = \~ 1 e 2 * { - aXl ~ Px2 \a{x 1 ,x 2 +ai) - a(x u x 2 -ai)), (110) 
(K 1 >a)(xi,x 2 ) = a(xi-§i,x 2 ), (K 2 >a)(xi,x 2 ) = a(x x , x 2 — § i). (Ill) 

The derivation of these formulas is rigorous except for the justification of 
the interchanging of integrals and actions. This could be made rigorous by 
introducing appropriate locally convex topologies. We shall not proceed this 
way, because we shall use formulas (|109|) - (|111|) only as definitions of the action 
of U q (gl 2 (R) ) on 2t(R 2 ) and prove the corresponding properties directly in 4.3. 
Note that formulas ([L09 )-( ITTD and also formulas ( |112| ) and ( |113| ) below 



are meaningful for larger classes of symbols rather than 2l(R 2 ). For instance, 
for the function a(x\,x 2 ) = e 2m (^i+P^2) (which j s Q f CO urse not in 2l(R 2 ) ) 
we have Op(a) = e ^(^Q+^) = W(s,t). In this case formulas (HHID (EH) 



reduces to the equations ( |103| )- ([T05|) derived in the preceding section. If we 
allow the symbols to be distributions, then we recover also formulas ([78|)-(l80|) . 

In a similar manner the product of the operators Op(a) with operators 
X and Y can be computed by using formulas ( |106|) and (|107|) (or ((48))). We 
then obtain XOp(a) = Op( x a), Op(a)X = Op(a x ), YOp(a) = Op( y a) and 
Op(a)Y = Op(a y ), where the symbol x a, a x , y a, a y G 2l(R 2 ) are given by 

x a(xt, x 2 ) = e 2naxi a(x 1 ,x 2 +^i), a x {x 1: x 2 ) = e 2lTaxi a(xi, x 2 -§ i), 
y a(xi,x 2 ) = e 2vl3x2 (a(x 1 -^i),x 2 ), a y (x u x 2 ) = e 27r/3:C2 a(xi + f i, x 2 ). 

Let .4(R+ + ) denote the direct sum of vector spaces 0(R 2 ) and 2t(R 2 ). 

Lemma 18. There is a unique structure of a *-algebra on A{M^ + ) such 
that C(R 2 ) and 2l(R 2 ) are *-subalgebras of ^4(R+ + ) and the products of the 
generators x,y of 0(M. 2 ) and symbols a G 2l(R 2 ) are given by 

xa(x\,x 2 ) = e 2naxi a(xi, x 2 +f i), ax(x±,x 2 ) = e 2naxi a(xi, x 2 — | z), (112) 
ya(x u x 2 ) = e^a^-f i, x 2 ), ay{x u x 2 ) = e^^a^i+fi, x 2 ). (113) 

Proof. We first note that the maps z — > p++(z) (see (|18D ) and a — > Op(a) 
(see (^)) are faithful ^representations of the *-algebras C(R 2 ) and 2l(R 2 ) on 
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the domain 2t(R) on the Hilbert space L 2 (R). Since p ++ (z)Op(a) = Op( z a) 
and Op(a)p ++ (z) = Op(a z ) for z = x, y by the above definitions, it is clear 
that the sum p ++ ((D(M%)) + Op(2l(R 2 )) of the images of these *-algebras is a 
*-algebra of unbounded operators on the domain 2t(M). It is easily seen that 
the only bounded operators in p ++ (0(R 2 )) are the multiples of the identity 
operator and that no operator in Op(2l(R 2 )) is a multiple of the identity 
Thus, p ++ (C(R 2 )) n Op(2l(R 2 )) = {0}. Hence the map J : (z, a) -> p ++ (z) + 
Op(a) of .4(R+ + ) to p ++ (C(R 2 ))+Oj9(2l(R 2 )) is bijective. The unique *-algebra 
structure on ^4(R+ + ) for which J is a *-homomorphism has obviously the 
desired properties. □ 

We shall show by Theorem 21 below that -A(R+ + ) = C(R 2 ) + 2l(R 2 ) is even a 
left i/(g/2(R))-module *- algebra. We call this left W(g/2(R))-module *- algebra 
*A(R+ + ) the *-algebra of functions on the quantum quarter plane. Obviously, 
the *-subalgebra 0(M. 2 ) is considered as the algebra generated by the two 
coordinate functions x and y of the quantum quarter plane. The elements of 
2t(R 2 ) can be interpreted as "functions on the quantum quarter plane which 
go rapidly to zero at the boundary of the quantum quarter plane" . Note that 
2t(R 2 ) is a two-sided *-ideal of the *-algebra *A(R+ + ). 

4-2 In this subsection we introduce two useful algebra homomorphisms in 
order to understand the algebraic content behind formulas ( |109| )- (|TTT|) . Let B q 
denote the complex unital algebra with generators xi, x± , y 1; y± , x 2 , x^ ,y 2 , y 2 l 
and defining relations 

x jVj = i 1/8 yj x ji Xjxj 1 = x j lx i = !> VjVj 1 = y^yj = 1 for j = i> 2 > ( 114 ) 

Xl x 2 = x 2 xi,yiy 2 = yiyx,xxy 2 = y 2 xi, x 2 y x = yix 2 , (115) 

where we set q 1 ^ 8 := e 71 " 7 */ 4 . The subalgebra Bj, j = 1, 2, generated by Xj, xj x ,yj, 
y~ l is nothing but the localization of the algebra C(C 2 1/g ) at the elements Xj 
and yj, and B q is just the tensor product of the algebras B\ and B 2 . 

Lemma 19. There are injective algebra homomorphisms ip : U q (gl 2 ) — > B q 
and t/> : C(R 2 ) — > B q such that 



^{E) = \- 1 x 2 2 x- l 2 {y^-yt), (116) 

^F) = \- 1 x\x 2 2 (y 2 *-yi) 1 (117) 

i/>{K 1 ) = y 2 1 , 4>{K 2 )=yl (118) 

i>(x) = x 2 lV2 2 , ^{y) = x\y\. (119) 



Proof. In oder to prove the assertion for U q (gl 2 ) it suffices to check that the 
operators ip(E),ip(F),ip(Ki) and ip{K 2 ) satisfy the defining relations of the 
algebra U q (gl 2 ). Using the relations ( p.l4j) - (|115|) of the algebra B q we obtain 

XmmKi) = xW{yt - y\)y\ = x 2 2 (xfy 2 )(y^ - yt) 

= xKqVrVixfivI 4 - Vt) = q - 1/2 yW 2 xf(y^ - yt) 
= q-^X^K^E). 
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The relations if){E)if){K 2 ) = q l l 2 ifj{K 2 )ifj{E), ifi{F)if){K x ) = qV^Kj^F), 
ip(F)iP(K 2 ) = q-y^{K 2 )il}{F) and \{ip{E)iP{F) - ifj{F)if;{E)) = ip{K) 2 - 
if>(K)~ 2 are verified by similar computations. Obviously we have ifi(x)ip(y) = 
qif)(y)if)(x). Hence the above formulas define indeed algebra homomorphisms of 
Uq(gh) and 0(R 2 q ) into B q . Since the sets {E k K\?K™F l ;k,l G N ,n,m G Z}, 
{x k y n ;k,n G N } and {x\ x l 2 y x y™; k, I, n, m G N } are vector space bases of 
U q (gl 2 ), 0(M. 2 ) and B q , respectively, it follows easily from formulas (|109|) -( pT9| ) 
that the mappings if) : U q (gl 2 ) — > B q and if) : 0{R 2 ) — > B q are injective. □ 

Since \q\ = 1, B q is a *-algebra with involution determined by x* := and 
:= yj, j = 1,2. The algebra homomorphism if) : W* u '(gl 2 (R)) — > B q does 
not preserve the involution. The next lemma shows that if) is similar to a 
*-homomorphism. 

Lemma 20. For z G U q {gl 2 {M)) and z G 0(MJ), de/me 

Then ip : U q w (gl 2 (M.)) — > £>q andip : O(Mg) — > £> g are injective * -homomorphisms 
of the corresponding ^-algebras. In fact, we have 



<p(Ef) 


— x 2 x 1 (y 1 


4\ -1 2 -2/ -1/2 -4 


<z v V) 






= xl(q^yT 4 ~ 


-1/2 4\ -2 




(120) 


V {F') 


= x x x 2 (y 2 — 


4\ -1 2 -2/ -1/2 -4 

y 2 )x 2 = x x x 2 (q ' y 2 - 


q l/2 yt\ 






= AtfPy? - 


q- 1,2 vt)x 2 \ 




(121) 


1/4 ^i) 


= 1>(K X ) = yl 


V {q- l "K 2 ) = iP(K 2 ) = y 2 , 




(122) 


<p(x) 


= if){x) = x\y 2 


2 , <p(y) = $(v) = Av\- 




(123) 



Proof. Clearly, ip : U q (gl 2 (R)) — > £> g and <p : C(Rg) — > £> q are injective 
homomorphisms, because if> are by Lemma 19. Therefore, it is sufficient to 
prove that <p(z*) = (p(z)* for the four generators z = E', F', g -1 / 4 ^, q~ 1 ^ 4 K 2 
of (gl 2 {R)) and the two generators z = x, y of 0(R 2 ). Since all these 
generators z and their images (p(z) are hermitean, it suffices to check formulas 
( | 1 2 0| ) — ( p~23|) . The latter formulas follow by straightforward computations from 



fllQgP-flligD combined with the relations (]TT^) -(|TT^) of the algebra B q . As a 



sample we verify ( |120| ) and compute 



<p(\E) = x 1 x 2 y x 1 y 2 ip(XE)(x 1 x 2 y x 1 y 2 )~ 1 

= xix 2 y x l y 2 x 2 2 x x 2 (y x A - y^y^y^x^ 1 

= x x x 2 q~ ltA x\ 2 y x x q~ xjA x\y 2 {y x A - y\)y 2 x y x x 2 x x\ 

= q~ 1/2 x 2 2 x^ l {y~ A - y A )x^ 



which gives the first formula of (|120|) . The second and third formulas of (120) 



follow by applying once more the commutation rules (|114|) and (|115). □ 



39 



The *-homomorphisms tp of U q w ( gl 2 {^)) and 0(K.~) are crucial in what follows. 

^.5 Let us return to the left action of the Hopf *-algebra U(gl 2 (M)) on 2l(M 2 ) 
given by the formulas ( |1 9| ) — ( pTTT]) . We define a ^representation po of the *- 



algebra B q on the invariant dense domain 2l(R 2 ) of the Hilbert space L 2 (IR 2 ) 
by 

p ( Xl ) = e™ Q \p ( yi ) = e^ v \p (x 2 ) = e^,p (y 2 ) = el aV \ (124) 

where g 1//4 = e 71 " 7 ^ 2 and as always a(3 = 7. It is obvious that these operators 
satisfy the relations of the *-algebra B q , so ( |124j) defines indeed a ^representation 
of B q . Inserting ( |124p into ( |1 16| ) ( |TT^ ) we see that equations ( ]109| )-( |TTT| ) can 



be expressed as 

f>a = p (il>(f))a, aG2l(M 2 ), (125) 

for the generators / = E, F, Ki,K 2 of U q (gl 2 ). We now take this equation 
as a definition for arbitrary elements / G U q {gl 2 ). Since p V* i s an algebra 
homomorphism, (|125[) gives a well-defined left action of the algebra U q (gl 2 ) on 
2l(M 2 ). Recall from 2.1 that we have also a left action > of U q (gl 2 ) on 0{R 2 ). 
Hence the equation 

f»(z + a) := f>z + />a, / G U q (gl 2 ), z G 0(R 2 q ), a G 2l(M 2 ), (126) 

defines a left action oiU q (gl 2 ) on the direct sum -4(K+ + ) = C(M 2 ) + 2l(M 2 ). In 
terms of the ^-representations po formulas ( |112| ) and ( |113|) can be written as 

xa = po o ip(x)a = po(x 2 y 2 2 )a, ax = po(x\y 2 )a, (127) 
ya = p o ip{y)a = p (xly 2 )a, ay = p {x 2 2 y^ 2 )a. (128) 

The main result of this section is the following theorem. 

Theorem 21. With the preceding definitions, the *- algebra A(R^ + ) of functions 
on the quantum quarter plane is a left l4 q (gl 2 (M.)) -module *-algebra. 

Proof. We already noticed that > is a left action of the algebra U q (gl 2 ) on 
*4.(IR+ + ). It remains to show that conditions (jl]) and @) are fulfilled for arbitrary 
elements z, z' G -4(ffi+ + ) and / G U q (gl 2 ). 

We first prove that 2t(R 2 ) is a U q (gl 2 )-\eii module algebra. Since > is a left 
action of U q (gl 2 ), it suffices to prove (|1|) for the generators / = XE, XF, K\, K 2 . 
These verifications are lengthy but straigthforward. We restrict ourselves to 
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the case / = XE. Then we compute 

(\E>a)#(K>b)(xi, x 2 ) + (K- 1 »a)#(\E»b)(x u x 2 ) 
= 4 fill rfMi^^i^e 4 ^^ 1 -" 1 )^ 2 ^ 2 ^^ 1 ^ 1 )^ 2 -^) 1 





e 2 ^- au "\a( Ul + 0i, u 2 ) - a{ Ul - /3i, u 2 ))b{ Vl - § i, v 2 + f i) 
+ a(ui + f i, u 2 - %i)e 2 ^- a ^\b( Vl + (3i, v 2 ) - b{v x - (3i, v 2 ))} 
duidu 2 dvidv 2 a(ui, u 2 )b(vi, v 2 ) 

g2TT(/3u2-a(ui-f3i))+4iril(xi—u 1 +f3i)(x2—V2—ia/2) — (xi-vi-il3/2)(x2—U2)] 

g2-7r(/3u2— a(ui+(3i))+iiri[{xi— ui+/3i)(x2~ V2+ia/2) — (x±— vi— i/3 /2)(x2 — «2)] 

_|_ g2w(l3v2~a(v 1 -l3i))+4TTi[(x 1 —u 1 +if3/2)(x2—V2)~(x 1 —v 1 +(3i)(x2—U2-ia/2)] 

g2n(f3v2—a(v 1 +{3i))+4 : ni{(xi—ui+i(3/2)(x2—V2)-(x 1 —v 1 —l3i)(x2-U2—ia/2)] 

duidu 2 dvidv 2 a(ui, u 2 )b(vi,v 2 ) 

_^2n(/3x2—ctxi)+4ni[(xi—l3i—ui)(x2—V2) — (xi—f3i—vi)(x2—U2)} 
_|_ ^2tt(/3v2— Qtv\)+4iTi[(x\+f3i— u\)(x2— V2) — (x\+f3i— v\)(x2— U2)} ^ 

= (\Et>(a#b))(xi,x 2 ). 

The first equality is obtained by inserting the formulas (|109[) and ( p. 1 1|) for 
the actions of E and K and fl50D for the product # of the algebra 21(1R 2 ). The 
second equality follows by the substitution u\ — > u\ + [3i,vi — > v% — ^i,v 2 — > 
v 2 + 7ji of the first summand and similar replacements of the other three 
summands. As noted in the considerations preceding ([51]), these substitutions 
are justified because of Lemma 9. Next let us consider the expressions in the 
four exponentials after the second equality sign. By regrouping these terms 
we see that the first and the fourth exponentials cancel, while the second and 
third ones can be reexpressed as the exponentials after the third equality sign. 
The fourth equality follows by applying once more formulas (|50|) and (|109|) . 



By a similar reasoning condition ([I]) can be checked for the other generators 
/ = XF,K U K 2 . Thus, 2l(M 2 ) is aU q (gl 2 )-Mt module algebra. 

Recall from 2.1 that 0(M. 2 ) is also a U q (gl 2 )-left module algebra. Therefore, 
in order to prove that the sum -4(M+ + ) = 0(R 2 q ) + 2l(M 2 ) is a U g (gl 2 )-Mt 
module algebra, it remains to show that 

Hwa) = (f {1) >w) (/ (2) >a), (129) 
Haw) = (f(i)»a)(f (2) >w) (130) 

for / G U q (gl 2 ),w G 0(R 2 ) and a G 2l(M 2 ). It is easily seen that equation ( |129| ) 
holds for the product fg and arbitrary w and a provided that ( |129| ) holds for / 
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and arbitrary w and a and also for g and arbitrary w and a. Hence it suffices to 
check condition ( |129|) for elements / from a set M of generators of the algebra 
Mq(gh) and for arbitrary w and a. Suppose in addition that M is a vector space 
such that A(M) C U q (gl 2 )®M. Let w, w' G 0(R 2 ) such that (|T29|) holds for w 
and all / G M and a and also for w' and all / G M and a. We show that then 
(|129|) holds for the product ww' and arbitrary / G M and a by computing 



(/ ( i ) >(W))(/ ( 2)>a) = (/ ( i)>«;)(/ (2) >wO(/(3)>a) = (/ ( i ) >w)(/ (2) >(«; , a))=/>(Wa). 
Note that for the second equality we used that A(/) C U q (gl 2 ) (g> M by 



assumption and so ( |129| ) is valid for the elements in the second tensor factor of 
A(/). Applying the preceding with M = Lin{E, F, K±, K 2 } we conclude that 
condition ( |129| ) is fulfilled provided that it holds for f = E,F, K\, K 2 , w = x,y 



and arbitrary a G 2l(IR 2 ). Arguing in a similar manner with condition ( |130| ) it 



follows that it is sufficient to verify ( |130| ) for the generators / = E,F,Ki, K 2 
and w = x, y. As a sample, we prove equation ( |129|) for f = E and w = x. 



Using the formulas (|75[) , ( |116|) , ( |118| ) and (|127|) we obtain 

(\Et>x){Kt>a) + (K-\x){\E*a) 

= \y(K»a) + q 1/2 x(\E»a) 

= Xpo(x 2 2 yf)p (y 2 y 2 2 )a + g 1/2 1 pQ^xly^ 2 ) Pq(x^ 2 x 2 2 (y^ - yf))a 

/ \ 4 2 —2 i 1/2-2 2/ -4 4\\ 

= p {Xy 1 x 2 y 2 +q / y 2 x 2 (y 1 -yrfja 

= p {x^ 2 x 2 2 (y^ - yt))po(x\y 2 2 )a 
= XEo(xa). 

The other verifications are carried out in a similar manner. Thus we have 
shown that .4.(Mj" + ) is a ^(g^-left module algebra. 

Finally, we turn to condition (|J). Because ^4(1R^ + ) is a left ^(g^-module 
algebra, it is enough to prove (0!) for the generators / = XE, XF, K Xl K 2 . We 
verify (§ for / = XE and z = a G 2l(M 2 ). Since S(XE)* = —XE, we obtain 

(XE»a)*(x 1 ,x 2 ) = e 2 *V }X2 - aXl \a{x 1 +pi,x 2 ) - a{ Xl -pi,x 2 )) 
= e 2 ^ X2 - axi \a{x 1 -(3i,x 2 )-a{x l +(5i,x 2 )) 
= (S(XE)*>a)( Xl ,x 2 ). 

By similar computations we check that condition @ is satisfied for / = 
XF,Ki,K 2 . Hence it follows that (|) holds for / G U q (gl 2 (R)) and z = a G 
2l(M 2 ). Since 0(R 2 ) is a left U q (gl 2 (R))-modu\e *-algebra, (|) holds also for 
z = a G 0(R 2 ). Thus it remains to show that (£|) is satisfied for products 
z = wa and z = aw, where a G 2l(M 2 ) and w G 0(R 2 ). We carry out this for 
z = wa and compute 

S(fr>(wa)* = S(fl 2f a*)S(f( lf w*) 

= (/( 2 )>a)*(/ (1) > W )* = ((/ (1 )^)(/( 2 >a)r = (f>(wa))*. 
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This completes the proof of Theorem 21. □ 

We close this subsection by collecting some additional useful relations. From 
the above formulas and the defining relations of the algebra B q we derive 
the following cross commutation relations for elements ip(E) ,ip(F) ,ip(K) and 
ip(x), ip{y) in the algebra B q . 

il>(E)i/>(x) - q^x^E) = V(y)VW, ^W(y) = q- 1/2 HvME), 

= q 1/2 H^(F), i>(F)i>(y) - q - l/2 4>W{F) = i/>(x)i>(K), 

ip(K)1>(x) = q- 1/2 ^(x)tlj(K), ^(K)tfj(y) = q^y^K). 

The images of the algebras U q (sl2{M)) and 0(M. 2 ) under the algebra homomorphism 
ip do not generate the whole algebra B q . But they are large enough such that 
fourth powers of the generators xi,X2, yf 1 , 2/2 can be expressed as 

y-4 = q -i + q^\^EK~ l )^x)^y)-\ y\ = q- q-^X^FK- 1 )^)^)- 1 , 
x \ = ip(x 4 )(q - q-^XtpiFK-^ipiy^ix)- 1 ), 
4 = HV 4 )^ 1 + q 1/2 \^{EK- l ^{x)^{y)- 1 ). 

4-4- Covariant differential calculus on the quantum quarter plane 

In this subsection we extend the differential calculus r = r_ of 0(M. 2 ) to the 
larger algebra ^4(M+ + ). As in 3.2, we use the approach developed in 2.2, but 
now with the algebra Z = ^4(IR+ + ). We briefly repeat the construction from 
2.2. Let V be a two-dimensional vector space with basis {ei,e2}. The vector 
space Q = ^4(M+ + ) cg> V becomes a ^4(M+ + )-bimodule with bimodule structure 
defined by (p4|). The differentiation d is defined by the commutator with the 
element u = q 2 x 2 y~ 2 e\ + y~ 2 ei of the ^4(M+ + )-bimodule fl, that is, 

dz = ujz - zu, zeA{R q + ). 

It is clear that T := Z-dZ-Z is a first order differential calculus over Z = 
*A(IR+ + ) with differentiation d such that {dx, dy} is a free left ^-module basis 

of r. 

Let us compute the partial derivatives d x (a) and d y (a) for a G 2l(M 2 ). Using 
formulas ( |112| ), ( |113| ) and ( 124 ) we obtain from the definition of d that 



da = q 2 x 2 y 2 e\a + y 2 e2a — q 2 ax 2 y 2 e\ — ay 2 e2 

= q 2 x 2 y- 2 Po (l - y 8 iy 8 2 )a ei + y- 2 Po (l - yf)ae 2 . (131) 



On the other hand, by (|9q) and ( p7\) we have 

da = (q 2 — l)(q 2 x 3 y~ 2 d x (a)ei + xy~ 2 d x (a)e 2 + x 2 y~ 1 d y (a)ei). (132) 
Comparing the coefficient of e% and C2 in ( |131|) and ( |132j ) we derive 
d x (a) = (1 - g- 2 )- 1 x- 1 po(l - yf)a, d y (a) = (1 - q' 2 )-^ 1 Po {yl{\ ~ vl))a 

3fi 



or equivalently 



d x ( a ) = (1 - q- 2 )- 1 e- 27Taxi (a(x 1 ,x 2 -^) - a{x l -2f3i,x 2 -~i)), 
d y (a) = (1 - q~ 2 y 1 e~ 2nl3x2 (a(x 1 -7;f3i, x 2 ) - a(xi-~/3i,x 2 —2ai)). 



In terms of the ^-representation po defined by (|124 ) and the actions of generators 



E, F, Ki, K 2 , x, y given by ( |109| )- (|TTT|) , these formulas can be written as 

d x (a) = (1 - q-y'poixfyKl - y*))a = qh^EKfK^a, 
d y (a) = (1 - q- 2 )- l p (x 2 2 yt{\ - y s 2 ))a = qh^FKfK^a 

for a G 2l(M 2 ). In 2.2 we have shown that the two latter expressions of d x (a) 
and d y (a) hold also for elements of 0(M. 2 ). Therefore, we have proved that 

d x (a) = q zl2 y- x EK\K 2 ^a, d y {a) = q 1/2 x~ l FKfK 2 »a 

for all elements a in the *-algebra -4(M+ + ) = 0(R 2 ) + 2l(R 2 ). 

5. Covariant linear functionals on the quantum quarter plane 

5.1 In the first subsection we construct for any k = (hi, k 2 ) G 1? a U q (gl 2 (M.))- 
covariant linear functional h k on 2l(IR 2 ) and show that it defines a scalar 
product (a,b)k on the *-algebra 2l(M 2 ). This functional and the associated 
scalar product can be considered as g-analogs of the state given by Lebesgue 
measure and the L 2 -scalar product on the classical quarter plane. 

From the defining relations of the algebra U q (gl 2 ) it is clear that there exists 
a unique character r on U q (gl 2 ) such that 

X(ifi) = X(K 2 ) = q 1 ' 2 and X (E) = = 0. 

Since the restriction of x t° t ne Hopf subalgebra U q (sl 2 ) is the counit, any 
U q (sl 2 )-covaxia,\it linear functional with respect to \ is ^(s^-invariant. 

Proposition 22. For k = (k±, k 2 ) G Z 2 and a G 2l(IR 2 ) we define 

h k {a) = J J ' <&( a * Xl+ h x *)a(x 1 ,x 2 )dx 1 dx2, (133) 

where 

a k :=a + 2(3~ 1 k 1 , f3 k := f3 + 2a~ l k 2 . 

(i) The linear functional h k on the U q (gl 2 (M>)) -module *-algebraQl(M. 2 ) is covariant 
with respect to the character \- 
(it) For s,t G M and a G 2t(R 2 ), 

h k {a( Xl +Ps, x 2 +at)) = e- 2 ^ s+t) - 4 ^ s+h2t) h k (a). (134) 

(Hi) h k is continuous on the Frechet space 2l(IR 2 )[r]. More precisely, for any 
e = (ei,e 2 ),Ei > 0,e 2 > 0, we have 

\h k ( a )\ < - || S(e £Q )e 2n{akQl+hQ2) a II, a G 2l(M 2 ). 

2ir^/e 1 e 2 
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Proof, (i): It suffices to verify condition for the generators / = Ki, K 2 , E, F. 
That is, we have to show that 

hk(Ki>a) = h k (K 2 >a) = q l ^ 2 h k {a) and h k (E<>a) = h k (F<>a) = 



for a E 9t(Rj). By formulas (|iO^)- ([TTl|) , the latter condit ions are equivalent to 
the relations 

e M«kxi+PkX2) a ( Xi _ i p/ 2 ,x 2 )dx 1 dx 2 

e 2niakXl+PkX2) a{x l ,x 2 -ia/2)dx 1 dx 2 
= e ™pi J J e ^- 1 k 1 x 1+a -^k 2 x 2 ) a ^ x ^ dxidx ^ 

e 27riakX1+ ^ kX2 ^a{x 1 +pi,x 2 )dx 1 dx 2 

; 4 7 r(/3- 1 fe 1 ^ 1 + ( a -lfc 2 +/3)x 2 ) a ^ i _^ ;X2 ^ Xirfx2; 
; 4^((a+/3-lA ;i )-l+«- 1 fc2X 2 ) a ^ i)X2+ai ^ Xirfx2 



2- 



These identities follow by the formal replacements (xi,x 2 ) — > (xi+i(3/2,x 2 ), 
(xi,x 2 ) — > (x\,x 2 —ia/2) and (xi,x 2 ) — > (xi,x 2 —2ai), respectively. Similarly 
as above, these substitutions are justified by integrating in the complex plane 
and using the asymptotic estimate of Lemma 9. 

(ii) : The formula follows by the substitution (xi,x 2 ) — > (xi—(3s,x 2 —at). 

(iii) follows from (|133| ) and the Cauchy-Schwarz inequality. □ 

Let (■, -)k be the sesquilinear form defined by means of the functional h k on 
the *-algebra 2l(M 2 ), that is, 

(a, b) k = h k (b*#a), a,b e 2l(M 2 ). (135) 

Recall that (•, •) denotes the scalar product of the Hilbert space L 2 (R 2 ). For 
k £ Z 2 , we abbreviate 

T k := e^Qi-^v,) % e ^ k Q 2 ^v 2 ) = ^Q^-f/^ ^ e n0 h Q 2 ^a k v 2 (136) 

Proposition 23. The sesquilinear form (-,-) k is a scalar product and T k is 
an isometric linear isomorphism of the unitary space (2t(K. 2 ) , (-, -)^) on the 
unitary space (21(1R 2 ), (•,•))■ F° r a i b ^ 2t(R 2 ), we have 



(a,b) k = 1 1 e MakXl+ ^ X2) a(x 1 +ip k /A,x 2 -ia k /A)b(x 1 -ip k /A,x 2 +ia k /A)dx 1 dx 2 

(137) 



Proof. For a,b E 2l(M 2 ), we compute 



(a,b) k = II e 2 ^ akXl+f3kX2 Xb*#a)(x 1 ,x 2 )dx 1 dx 2 

( e 2,K2 1+ &&) 6 )* # ( e ^J' 2 -AP 1 ) (i ) (x 1 ,x 2 )dx 1 dx 2 

(e 2 < akQ ^ kQ ^b)*( Xl ,x 2 )- (e^^-^a) {x l ,x 2 )dx l dx 2 
(T 2 a,6) = (T k a,T k b). (138) 



Here the first equality combines the definitions ( |133|) and ( |135|) of h k and (•, -)fe, 
respectively. The second equality follows from (^) and (|M|), while the third 
one follows from formula fl60"|). The fourth equality is just the definition of 
the scalar product (-,-.), an d the fifth and the sixth are easily derived from 



(|T6|). Since the operator T k is a bijective linear mapping of 2l(R ), we conclude 
from formula ( |138| ) that(-,-)fc is indeed a scalar product on the vector space 
2l(IR 2 ). The expression in ( |137| ) is obtained from ( |138| ) by inserting the actions 
of the operator T k . Further, it follows from ( |138| ) that T k is an isometric linear 
isomorphism of the unitary space 21^ := (2l(M 2 ), (•, -) k ) onto the unitary space 
2l(-,-):=(2l(M 2 ), (-,.)). ' □ 

5.2 In this subsection we investigate the left actions of the algebras U q (gl 2 ) 
and C(M 2 ) on the unitary space 2l fc :— (2l(IR 2 ), (•, •)&). Among others, we shall 
transform these actions to the domain 2t(IR 2 ) in the Hilbert space L 2 (M?) by 
means of the unitary operator T k . 

Recall from 4.2 that the map pooip defines left actions of the algebras U q (gl 2 ) 
and 0(M. 2 ) on 2l(M 2 ). For the generators E, F, K X) K 2 of U q (gl 2 ) this action has 
been also given by formulas ( |109| )- (|111|) , see also ( |125|) . For the algebra 0{R 2 ) 
the action po o ip is j us t the left multiplication in the larger algebra -4.(M+ + ), 
see Lemma 18 and formulas ( |127| ) and ( |128|) . Let ip k denote the action po o ip 
of lA q {gl 2 ) and 0{R 2 ) considered as representation on the unitary space %l k . 
Since T k is a unitary transformation of 21^ = (2l(IR 2 ), (-, -) k ) on (2t(R 2 ), (■, ■)) 
by Proposition 23, ip k is unitarily equivalent to the representation 

**(•):= WaO)?! 1 (139) 

on the domain 2t(M 2 ) in the Hilbert space L 2 (R 2 ). Further, the compositions 
$ := po ° V 9 °f the *-homomorphisms <p (defined in Lemma 20) and the mis- 
representation po of B q (defined by Q124]) ) are also ^representations of the *- 
algebras U*°(gl 2 (R)) and C(M 2 ), respectively, on the domain 2l(M 2 ) in L 2 (M 2 ). 



Let T denote the operator T k defined by ( |136| ) for k = (0, 0), that is, 

T = e™ Sl e-f m ® e^ S2 ef aV * = e™ Sl "f ^ ® e ^ S2+ f aV \ (140) 
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Using the operator 

Q ._ e 2nk 1 l3- 1 Q le -TTk 2 a~ 1 V 1 ^ ^TrfcaoT 1 Q2 e ^k 1 l3' 1 V 2 

acting on the Hilbert space L 2 (IR 2 ), we can write the operator T k , as 

T k = i kl ~ k2 C k T . (142) 

Comparing formulas ( |140| ) and ( |124| ) we see that T = po^i^S/i -1 ^)- Therefore, 
by Lemma 13, we get 

*o(s) = Ti/jq^Tq 1 = p ((x 1 x 2 yi 1 y2)ip(z)(x 1 x 2 yi 1 y2)~ 1 ) = po ° <p(z) = $(z) 

for z G U. q {^gl2) and z G 00R 2 ,). That is, we have = $ for both *-algebras 
Ul w {gl 2 {R)) and 0(M 2 ). 

Next we relate the representations ty k and = Using the definitions 
of the operator C k and = Po ° / = E' ■> F', K%, K 2 , x, y, we compute 

C k <b{f)C k l = (-l) fcl+fc2 $(/) for / = E', F', K, (143) 
C k §{K 3 )C k l = {-l) k ^{K 3 ) for j = 1,2, (144) 
C&WC? = *(*), C fc *(y)C* 1 = <%) (145) 

Because of the formulas (142) and (139) we therefore have 

**(/) = (-l) fel+fc2 $(/) for / = E', F', K, (146) 
* k (Kj) = {-l^^Kj) for j = 1,2, (147) 
* fc (ar)=$(ar), * fe (y) = (148) 

In order to complete the picture we collect the formulas for the operators $(/), 
where / = E',F',Ki,K2,x,y. Recall from (EH) and (pl|) that L a denotes the 
operator L a = faCP)^' 27TaQ , where f a (x) = — 2 sinh tt(3{2x + m). Combining 
(|T20|)-(1T23|) and ( |T23D we obtain 

= L a (8> e 2w/3S2 , $(F') = e 2 ™ Sl ® L^, (149) 

$(g- 1/4 iTi) = <g> J, $(g- 1/4 iT 2 ) = I® e™ 7 ' 2 , $(#) = e 7 ^ 1 ® e- 7 ^ 2 , 

(150) 

$(x) = e 2 ™ Sl ® e^ 7 ^ 2 , <%) = e 7 ^ 1 ® e 27r/3Qa . (151) 



Let us briefly discuss the outcome of these considerations. Since the functional 
h k on the left U q (gl2(M.))-modu\e *-algebra 2l(R 2 ) is covariant with respect to 
X, it follows from Lemma 2,(i)— >-(ii), and the definition of the involution of 
Ml w (gh(^)) that ijj k = p o ip is a ^-representation of the *-algebra U t ™{gl 2 (J&)) 
on the unitary space 21/. = (2t(R 2 ), (•, -) k ). The * -represent at ion ip k is unitarily 



40 



equivalent to the ^representation of U* w (gl 2 (M.)) on the domain 2t(IR 2 ) in 
the Hilbert space L 2 (M. 2 ). The actions of the operators ^k(f) f° r the generators 
/ = E', F', K u K 2 are explicitly given by the formulas (|I35|)-(P7|) and (gjg)- 
( |150|) . Note that the dependence of the operators ^k(f) on k G Z 2 appears only 
in the signs in (|146|) - (|147|) . In particular, if k\ and k 2 are both even, then the 
♦-representation ty k of W* w (g/ 2 (1R0) on 21& is unitarily equivalent to the fixed 
♦-representation $ on the domain 2l(M 2 ) in the Hilbert space L 2 (R 2 ). From 
148|) and (|151|) we see that is a ^-representation of 0(R 2 ) on the unitary 



space 2lfc. For any k G Z , the ^-representation ^/^ of C(1R 2 ) on 21* is unitarily 



equivalent to the ^representation $ of 0(IR 2 ) on the domain 2l(M 2 ) in L 2 (M. 2 ). 

Remark 3. The preceding derivation shows the reason for the non-uniqueness of 
covariant functionals on the left U q (gl2{M))-module *-algebra 2l(K 2 ) from the 
technical side: For even numbers k\ and k 2 the unbounded positive self-adjoint 
operator C k commutes with all representation operator $(2), z G Ug W (gl2{M.)), 
so that the unbounded commutant of <&{U q (gl2)) is non-trivial. However, it can 
be shown that the ^representation $ of U l q w { gl 2 (M.)) on L 2 (IR 2 ) is irreducibel. 
Hence the bounded commutant (more precisely, the strong bounded commutant, 
see [SI]) is trivial. The existence of examples of that kind is a well-known 
phenomena for unbounded operator algebras. 

By the preceding we have expressed the actions ipk of the algebras W g (gZ 2 ) 
and 0(R 2 ) on the unitary space 21* = (2l(M 2 ), (•, by means of the *- 
representations $ on the domain 2l(IR 2 ) in L 2 (R 2 ). Since the representation 
$ = TipoT" 1 is obtained from ipo by the unitary operator T, it is natural 
to transform also the structure of the *-algebra ^4(Mj" + ) and the covariant 
functional h := h Q under the bijective linear mapping T of 2l(IR 2 ). That is, for 
/, g G A(R+ + ) and a G 2l(M 2 ) we define 

f^g = T{T' 1 f-T' 1 g) ) f* = T(T~ 1 (f)*) and h(a) = h^a). (152) 

Since *4.(IR+ + ) is a *-algebra with product • and involution / — > /*, the 
vector space ^4(M ( j" + ) is a *-algebra, denoted yl(M+ + ), with product \ and 
involution / — > /*. Further, since *4.(IR+ + ) is a left U q (gl 2 (M,))-modu\e *- 
algebra (by Theorem 21) and h is covariant with respect to the left action 
ipo (by Proposition 22), it is clear that *4(Rj~ + ) is a left U q (gl2(M.))-modvle *- 
algebra and the linear functional h is covariant with respect to the left action 
$ = TtpoT- 1 . 

Let us make the transformed structures more explicit. Suppose that / = 
z + a and g = w + 6, where z } w G C(M 2 ) and a, b G 2l(M 2 ). From (gig), ( TO 
and ( |14U| ) it follows that xTc = Txc and yTc = Tyc and so vTc = Tvc for all 
v G C(M 2 ) and c G 2l(M 2 ) . Hence we get 

(z + a)\\(w + b) = zw + zb + aw + at|6 and (z + a)* = z* + a*. 

That is, product and involution of the *-algebra 0(M. 2 ) remain unchanged 
and also the products of elements of 0(M. 2 ) and 21(1R 2 ). It remains to describe 
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the transformed product and involution of the *-subalgebra 2l(IR 2 ). From the 
definition (|140|) of the operator T and the formulas (|5^ ) -([59| ) we obtain 

a \b = a#(e-^ Vl e^ aQl <g> e^ aV2 e~^ Q2 b) = { e ^ Vl e~ naQl ® e"f aT2 e-* m2 a)#b 

(153) 

a*(xi,x 2 ) = (e 7T{f3Vl - aV2) a)(x 1 ,x 2 ) = a(x x - §i,x 2 + fz). (154) 

The vector space 2l(M 2 ) equipped with this transformed *-algebra structure is 
denoted by 2l(M 2 ). Inserting the definition ( |133| ) of the functional h = h Q and 



substituting (xi, x 2 ) — * (xi + |i, x 2 — ji) we get 



h(a) = J J e^^^'aix^x^dxidx^ a G 2l(R ). (155) 

Summarizing, we have transformed all structures obtained so far of the left 
U q (gl 2 (M))-modu\e *-algebra ^4(IR+ + ) of "functions on the quantum quarter 
plane" under the the mapping T. The main advantage of this new picture is 
that the scalar product 

(a,% := h(b*\\a), a, b G 2l(M 2 ), 

derived from the transformed covariant functional h is just the L 2 -scalar product 
(-, •) on IR 2 . (This follows at once from the construction. It can be also verified 
directly by using formulas (|153|) and (|155|) .) The latter fact will be crucial 



when we are looking for self-adjoint extensions of the representation operators 
$(£") and $(F') in a larger Hilbert space. 

5.3 In this last subsection of Section 5 we prove two uniqueness result for 
covariant linear functionals. They say that under some technical assumptions 



equation ( |134|) essentially characterizes the covariant functional hk- 

Proposition 24. Let k = (ki,k 2 ) G Z 2 and let h be a faithful positive linear 
functional on the *-algebra 2l pex (IR 2 ) which satisfies relation ( \1 34\ ) for all s, t G 
R and a G 2l pex (IR 2 ). Suppose that h is continuous relative to the topology r. 
Then there exists a positive number v such that h(a) = uhk(a) for all a G 

2l p ex(K 2 ). 

Proof. The proof mimics some of the preceding considerations in reversed 
order. Since h is a faithful positive linear functional and Tk is a bijective linear 
mapping of 2t pex (IR 2 ), the equation 

(a, b) h = hiT^by^T^a)), a, b G 2l pe .(M 2 ) , (156) 

defines a scalar product on 2l pex (M 2 ). (In the case when h = hk this scalar 
product is just the L 2 -scalar product.) Consider the following four one-parameter 
groups of operators acting on the unitary space (2l pex (IR 2 ), (•, -)h)'- 

([/ 1 (t)/)(x 1) x 2 ) = e 2 ^V(^i,x 2 ), (U 2 (t)f)(x u x 2 ) = e 2mt ^ 2 f(x u x 2 ), 
(Vi{t)f)(xi,x 2 ) = f(x 1 +f3t,x 2 ), (V 2 {t)f){xi,x 2 ) = f(xi,x 2 +at) . 
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It is straightforward to verify the commutation relations 



T-Vi(t) = e^+^V^T- 1 , T-V 2 (t) = e^ +2 * tk W 2 {t)T k l 

for arbitrary i el, From these commutation rules and the assumption ( |134j ) we 
derive that the operators Ui(t), U2(t), Vi(t), V2(t) preserve the scalar product 
(■,-)h for real t. Let us carry out this computation for Ui(t). Using the definition 
of the scalar product (•, -)h, the above relation for T A T 1 L r i(t), formula (|136|) and 
finally the assumption ( |134|) , we obtain 

(C/i(t)a,£/ 1 (t)6) h = /i((r- 1 C/ 1 (t)6)*#(T- 1 C/(t)a)) 

= e 7r * 7+27rife2 /i((e 2 ^ toSl T~ 1 6)*#(e 27ritoSl T- 1 a)) 



= e"* 7+2 ^ 2 /i(e 7ritop2 (T fc - 1 6)*#T (fc - 1 a)) 

= (a,6) fc . (157) 

The corresponding proofs for the other operators are similar. The continuous 
extensions of the unitary operators Uj(t) and Vj(t) to the Hilbert space completion 
Q of the unitary space (2l pex , (•,•)/*) are denoted by the same symbols. 

Before we continue let us note an estimate for the Hilbert space norm || • \\h- 
Since the functional h is r-continuous by assumption, there is a r-continuous 
seminorm r on , Ql pex (M 2 ) such that 

||a|| 2 = h{{T^bY#{T- x a)) < z{{T^ x b)*#{T^ x a)), a G % ex (J$?) . 

By the definition of the topology r, we can take r to be a sum of norms 

|| . II ._ || e 27r(ciPi+C2-P2) e 27r(diQi+d 2 Q2) || (158) 



where c = (ci, c 2 ), d — (d%, d 2 ) G M 2 . Using the formulas (]52|)- ( |5UD we conclude 
that the Hilbert space norm || ■ \\h is r-continuous on , Ql pex (M 2 ). 
Now let s G K and let a G 2l pex (lR 2 ). For c, d G M 2 , we then have 

||(C/i(t)-/-s27riaQi)a|| C)d 
= || e 2.( Cl P 1+C2 P 2 ) e 2.(d lQl+ d 2Q2 ) (c/i(t) _ 7 _ s 2 7 tiaQi)a\\ 

= ||(e 27rtoci C/a(t) - / - s27rzaQ 1 - s27rat)e MciVl+C2V2) e 27v{dlQl+d2Q2) a\\ 

Since the norm || • ||^ can be estimated by sums of norms || • \\ c ,d,c,d G M 2 , 
it follows from the preceding equality, applied with s — 0, that U\(t)a — > a 
in the Hilbert space Q as t — > 0. Therefore, the one-parameter unitary group 
£ - ► ^i(£) on the Hilbert space Q is strongly continuous. Next we set s = t. 
Then we conclude from the preceding that t -1 (£/i(t) — I) a — > 2-KtaQi in the 
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Hilbert space Q as t — > 0. (These facts are obvious in case of the Hilbert space 
L 2 (IR 2 ), but we do not yet know that (•, -)h is a multiple of the L 2 -scalar product 
(•,•).) The corresponding assertions for the other unitary groups follow by a 
similar reasoning. 

It is obvious that the operators Uj(t) and Vj(t) satisfy the commutation 
relations 

VAt)Uj(s) = e^Uj&Vjit), V x (t)U 2 (s) = U 2 (s)V x (t), V 2 (t)U x (s) = U x (s)V 2 (t), 
U x (t)U 2 (s) = U 2 (s)U x (t), V x (t)V 2 (s) = V 2 (s)V x (t) 

for j — 1,2 and s, t G R. That is, the unitary one-parameter groups ^-(t) and 
= 1,2 and t el, fulfill the Weyl relation. Therefore, by the Stone- von 
Neumann uniqueness theorem [Pu] that there exist a Hilbert space K, and a 
unitary transformation J of Q on the Hilbert space 7i := L 2 (IR 2 ) <S> K such 
that 

JV^U^J- 1 = Vjitp^s) for j,l = 1,2, s,te R, (159) 

where Vjr(t) and t//(s) denote the unitary groups on the Hilbert space TC defined 
by the same formulas as Vj(t) and Ui(s), respectively. 

For 5 = (61,62) G M^_ + and c = (c x ,c 2 ) G C 2 , let e Ct $ denote the function 

A 5 := (7>! + 2i<f 1 Q 1 )(P 1 - 2i6 x Q x ) + (V 2 + 2i6 2 Q 2 )(V 2 - 2i5 2 Q 2 ) 

be the operator on unitary space (^i pex (M. 2 ), -) h ) and let As denote the 
operator on TC given by the same formula. Since (Vj — 2i5jQj)e 0j s = for 
j = 1, 2, it is clear that AsCqj = 0. From ( |158| ) it follows that the unitary 
transformation J intertwines the generators of the unitary groups Vj(t), Ui(s) 
and Vj(t), Ui(s), respectively. Hence we also have AsJ~(eo t s) = 0. It is not diffult 
to show that ker As = e 0t g <8> JC. Hence we conclude that for arbitrary 6 G M+ + 
there exist a vector xs G /C such that J(e Q ^) = ^o,s ® 2^. 

We next show that the vector xg does not depend on 6 G R+ + . For e G R, 
let £1 := (e, 0) and £2 := (0, £). It is not difficult to verify that 

£ -1 (eo >(5 + e , - eo tS ) - 2uQ)e^s -> (160) 
as £ — > in the topology r on 2l pe:r (IR 2 ). Since the norm || • is r-continuous 



as noted above, ( 160 ) holds also in the Hilbert space Q. Therefore, the image 
under J of the expression in ( |160| ) tends to zero in the Hilbert space TC as 
s — > 0. This means that 

[£ _1 (eo )( 5 +E;j - e 0) i) - 27rQ 2 e ,5] ® £5 + e ,s+ ej <8> £ _1 (^5 +£;i - £5) -> 

as £ — > in 7i. Using once more the fact that (|160|) holds in L 2 (M 2 ), we 
conclude that e~ 1 (xs+ Ej — %s) — > in /C. That is, the partial derivatives of the 
/C-valued function 5 — > vanish on Hence this function is constant with 
respect to 5 G R+ + , say xs = x. 
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Recall that 2l pea; (lR 2 ) is defined as the linear span of function x™x™e c ^, where 
n, m G N , c G C 2 and 5 G From (|160|) and the fact that J(e 0t s) = e ,5®x 

it follows that J [a] = a®x for all a G %l pex (M. 2 ). Since J is unitary, we obtain 

(a,b) h = (J(a),J(b))a = {a,b) L ^(x,x)!c. 

Thus the scalar product (-,-)h is a positive multiple of the L 2 -scalar product 
(-, •) on Ql pex (R 2 ), that is, (-, -) h = u(-, ■), where v := (x, x). 

By the latter and the definition ( |156j ) of the scalar product (-, -)h, we have 

h(b*#a) = (T k a,T k b) h = u(T k a,T k b) = u(T^a,b) 

for a, b G 2l(M 2 ). Now we set b = f e , where f e is the approximate identity from 
Proposition 14. Taking the limit e — > +0 in the topology r and using (p^) , we 
obtain 

h(a) = v [[ e 2 ™ kXl+2 ^ kX2 a{ Xl + f i,x 2 - ^i)d Xl dx 2 . 



Arguing as in the proof of Proposition 22, we substitute (xi, X2){x\— i[3 k /2, x 2 + 
ia k /2) in the latter formula and obtain h(a) = i>h k (a), a G 2l pex (IR 2 ). □ 

Theorem 25. Lei k = (ki,k 2 ) G Z 2 and let c = (ci,c 2 ),d = (di,d 2 ) G M 2 
&e such that 8 1 cig?i | < 1 and 8\c 2 d 2 \ < 1. Suppose that h is a faithful positive 
linear functional on the *-algebra 21(1R 2 ) such that 

h{a{x 1 +(3s,x 2 +as)) = e -^(^)-^s+k 2 t) h ^ a ^ 

\h(a)\ <C\\S(e cQ )S(e dV )a\\ (161) 

for some positive constant C and for all s,t G M and a G 2t(M 2 ). 
Then there is a positive constant v such that h = vh k . 

Proof. By Proposition 24, we have h(a) = uh k (a) for all a G 2l pex (lR 2 ). By 
Lemma 10, 2l pea; (M 2 ) is dense in 2l(M 2 ) relative to the norm \\S(e cQ )S(e dV )-\\. 
Since h and h k are both continuous with respect to this norm, it follows that 
h = vh k on 2l(M 2 ). □ 

Remark 4. It is likely that the assertion of Theorem 25 remains valid if we 
assume only the r-continuity of the functional h instead of inequality ( |161| ) 
with 8\cjdj\ < 1, j = 1, 2. For this it would be sufficient to know that 2l pea; (lR 2 ) 
is r-dense in 2t(R 2 ). 



45 



6. The real quantum plane 



6. 1 In order to motivate the definitions given below, we first recall the following 
well-known representation of the Lie algebra gl 2 (M) on the C°°-functions of M 2 : 
The action of the generators e, /, hi, h 2 of gl 2 (M.) satisfying the relations 

[hi, e] = e, [hi, f] = -f, [h 2 , e] = -e, [h 2 , f] = f, [e, f] = h 1 - h 2 

is given by the formulas 

d d d d 

e = -y—,f = -x—,hi = -x—,h 2 = -y—. (162) 
ox ay ox oy 



The groups of relations (f78|) - (p0| ) and ( |109|) - (|111| ) can be interpreted as quantum 



versions of the formulas ( |162j ). Likewise, we see that the linear mappings T>\ 
and V* can be thought as g-deformations of the partial derivatives J| and ^ , 
respectively. We shall not make this more explicit because we shall not need 
these details. 

Let us explain the underlying idea of our construction of the real quantum 
plane in the classical situation. We consider the plane M 2 as the direct sum 
of the four quarter planes M ++ , R~ + , R + ~, R that are glued together along 
the two coordinate axis. On the level of functions this means that a continuous 

function / on IR 2 \{(0, 0)} is given by a 4-tuple (/++, /-+, /+_, / ) of continuous 

functions on the quarter planes satisfying the boundary conditions 

f++(+0,y) = f-+(-0,y), f+-(+0,y) = f-(-0,y), 
f ++ (x, +0) = -0), +0) = -0). 

We now turn to the quantum case and consider the direct sum 

55(M 2 ) 4 := 2t(M 2 ) © 2t(M 2 ) © 2l(M 2 ) © 2l(M 2 ) (163) 

of the four *-algebras 2l(IR 2 ) corresponding to the four quarter planes. Recall 
that product and involution of the *-algebra 2l(M 2 ) are given by formulas ( |1 53| ) 



and ( 154 ). We could have also taken here the *-algebra 2l(IR 2 ). The reason why 
we prefer to work with 2l(IR 2 ) is that on direct sums of Hilbert spaces L 2 (M. 2 ) it 
is easier to describe self-adjoint extensions of the operators $(£") and <&(F'). 
Since the elements of 2l(M 2 ) correspond to "functions on the quantum quarter 
plane which vanish at the boundaries", no boundary condition occurs and we 
can just take the direct sum of the four *-algebras. 

Next we want to make the direct sum B(R 2 q ) = 0{R 2 q ) + «B(M 2 ) 4 of the 
vector spaces 0{R 2 ) and ^B(]R 2 ) 4 into a left Wq(gZ 2 (^))- m odule *-algebra. This 
means that we have to define the products of the generators x and y of 0(M. 2 ) 
by a 4-tuple a = (a 1; a 2 , a 3 , a 4 ), a,j G 2l(IR 2 ), and left actions of the generators 
E, F, Ki, K 2 of Uq{ y gl 2 ) on a. Let us look for a moment at the classical case and 
consider a quarter plane M. ee , where e,e' G {+,—}. From the formulas ( |162| ) 

It! 



we see that if we pass from R ++ to W e ' then x has to be replaced by ex, y by 
e'y, e by ee'e and / by ee'f, while hi and h 2 remain unchanged. This suggests 
to take the following definitions in the quantum case: 

xa = (xax,xa 2 , —xa^, —xa^), ya = (ya\, —ya 2 , yets, —ya^), 
§{E')a = -®(E')a 2 , -®{E')a 3 , ^(E')a A ), 

$(F')a = ($(*>!, -$(F> 2 , -$(F')a 3 , $(F')a 4 ), 
$(i^)a = $(i^)a 2 , $(^)a 3 , $(^)a 4 ), J = 1, 2, 

where G 2l(IR 2 ). Reall that the action of the operators 

x = y = $(y) and $(/), / = E 1 , F' , K ly K 2 , are described by formulas 

(pgD-QTSip. Since A(R+ + ) = 0(R 2 q ) + 2t(M 2 ) is a left W g (#/ 2 (M))-module *- 
algebra with left action it is easily verified that the preceding formulas define 
indeed a unique *-algebra structure on £>(IR 2 )4 and that £>(IR 2 )4 becomes a left 
W,j(g/ 2 (IR))-module *-algebra in this manner. 

From the preceding it is clear that the functional h on *B(IR 2 )4 defined by 

h(a) = h(ai) + h(a 2 ) + h(as) + ^(04), a = (ai, a 2 , 03, a 4 ) G *B(M 2 )4, (164) 

is Wg(gZ2(IR0)-covariant with respect to \i where h(aj) is given by ( |155| ). 
6.2 The vector space Q3(IR 2 )4 is also a dense domain of the Hilbert space 

H = L 2 (R 2 ) © L 2 (R 2 ) © L 2 (R 2 ) © L 2 (R 2 ). (165) 

From the formulas ( |150| ) and ( |151| ) it is clear that the operators x, y and 
^(q^^-^Kj), j = 1,2, are essentially self-adjoint on the domain Q3(IR 2 )4. From 
(|149| ) and Lemma 5(ii) it follows that the operators Q(E') and Q(F') are 
symmetric but not essentially self-adjoint on the domain *B(M 2 )4 in 7i. (Indeed, 
by Lemma 5(ii) the adjoint of L a is the operator R a and R a is easily seen 
to be a proper extension of L a .) That the operators $(£") and $(F') are 
not essentially self-adjoint on the domain <B(IR 2 )4 is not surprising, because 
Q3(1R 2 )4 contains only "functions which vanish at the boundaries of the four 
quantum quarter planes". In the classical case the corresponding symmetric 
operators ie = —yi-K- and if = —x%4- are also not essentially self-adjoint when 
the functions in the domain have boundary values zero at the x- and y-axis. 
Our next step is to "glue together the four quarter quantum planes" and to 
obtain self-adjoint extensions of the symmetric operators $(£") and Q(F') in 
this manner. 

In order to explain the glueing procedure let us return to the classical 
situation and consider the direct sum of four quarter planes. Since the corresponding 
functions have the boundary values zero at the x- and y-axis, the operators 
ie = —yi-§^ and if = —xi-^ are not essentially self-adjoint. The particular 
self-adjoint extensions of the symmetric operators ie and if we are interested 
in are determined by the boundary conditions 

/(+0, y) = /(-0, y) and f(x, +0) = f(x, -0). (166) 
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For simplicity, let us first look how the two upper quarter planes R h and 

R ++ are glued together along the positive y-axis. We identify a function / h 

on R~ + with the function / ++ on R ++ given by f ++ (x,y) := f-+(—x,y), 
y > 0,x G R. Let D x denote the symmetric operator — i-j^ on L 2 (R ++ ) with 
boundary condition /(+0, y) = 0, y > 0. Then the operator T = — i-^ on 
R~ + U R ++ with boundary condition zero at the positive y-axis acts on the 
Hilbert space L 2 (R ++ ) © L 2 (R ++ ) and has the form 



T 



D x 






-A 



Let T denote the self-adjoint extension of T with boundary condition /(+0, y) 
/(— 0, y), y > 0, and let J be the symmetry (that is, self-adjoint unitary) 



One easily verifies that 







o 



where D* x is the adjoint of the closed symmetric operator D x on the Hilbert 
space L 2 (R++). 

In a similar manner we proceed with the four quarter planes R ++ , R~ + , 
R +_ , R . As above, we identify functions on R~ + , R H , R with the corresponding 
functions on R ++ , and let D y = —i-§^ on L 2 (R ++ ) with boundary condition 

—i-i- be the symmetric 



f(x, +0) = 0, x > 0. Further, let T w = -i£ and T 20 - * dy 
operators with boundary values zero at the positive y- resp. rr-axis acting on 
the Hilbert space 



G = L 2 (R + 
Consider the symmetries 



Ji 
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on the Hilbert space (/. Since J\ and J 2 commute, their product 

/I 1 

J := J\J2 = ~z 



1 1\ 
1-1 1-1 

1 1-1-1 

Vi -l -l 1/ 



(167) 



is again a symmetry. We shall transform all structures by means of the symmetry 
J. 



48 



In order to save space, let us introduce abbreviations for some operator 
matrices. If Z\ y z 2 and z is an operator on a Hilbert space /Co, we set 
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fz. 
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Kl(z) 



and (Jj(z) := (?j(z, —z), j = 1, 2. The matrices <x,(zi, z 2 ), ^(z) and Kj(z) act as 
operators on the Hilbert space /C © /C © -K" © /C . 

Let us now continue the above discussion. In terms of the preceding notation 
we have T w = a\(D x ) and T 2 o = 02 (A,). It is not difficult to check that the 
self-adjoint extensions 21 and T 2 of T w and T 2 o, respectively, with boundary 
condition ( |166| ) satisfy the relations 

JT,J = J 2 k x {D x )J 2 = 6i(D x ), JT 2 J = JxK^Dy)^ = 9 2 {D y ). 

That is, the particular self-adjoint extensions T\ and T 2 are characterized in a 
simple manner by means of the symmetry transformation J. 

Let x and y denote the multiplication operators by the coordinate functions 
x and y, respectively, on L 2 (M ++ ). Then the multiplication operators M x and 
My by the coordinate functions on L 2 (K 2 ) can be expressed as 



JM X J = Ja x {x)J = JM y J = Ja 2 {y)J = 6 2 {y) . 



:i68i 



Further, the self-adjoint operators ie = —iy-pg and if = —ix-^ with boundary 



condition ( |166| ) can be written as 

JieJ = JM X T 2 J = K 2 {xD y ), JifJ = JM y T x J = K!{yD x 



(169) 



Finally, we also transform the structure of the *-algebra of functions on 
1R 2 under the symmetry J. If we consider functions /, g on M. 2 as 4-tuples of 
functions on the quarter planes, then the product / • g is transformed under J 
as 

fog ■= J(J(f)-J(g)). (170) 
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More explicitly, for / = f 2 , f 3 , / 4 ) and g = {g u g 2 , g 3 , 94) we compute 



f g = l/4(/i0i + f 2 g 2 + hg 3 + fm, fi92 + hgi + fm + fm, 

fm + 1*94, + hgi + fm, fm + hg* + fm + fm), (171) 

where /^(^ and mean the usual pointwise products of functions on the 
quarter plane. Obviously, the involution of functions is invariant under J, that 
is, we have </(/*) = </(/)*• 

Thus, we have described the operators and the algebra of functions on 
the plane by means of the symmetry J and the corresponding operators and 
algebras of the quarter planes. The advantage of this approach is that it gives a 
convenient algebraic form for the particular self-adjoint extensions of the first 
order differential operators. There is the disadvantage that the algebra product 
has to be changed too. The preceding formulas and considerations will serve 
as guiding motivation for the construction of the real quantum plane in the 
next subsection. 

6.3 In this subsection we develop the basics of the construction of the real 
quantum plane. Our starting point is the description of the quantum quarter 
plane by means of the left U q {gl 2 (^)-mo<ivle *-algebra *4.(IR+ + ) developed in 
4.2. In what follows we assume that 

< \l\ < 1/3. (172) 

Let us begin by defining the left action of I4 q (gl 2 ). Remembering the formulas 
( |169| ), ( |149p and ( |15U[ ), we consider the self-adjoint operators on the Hilbert 
space TC (see (|165| )) defined by the 4x4-operator matrices 

E := Kl (L a ® e 2 ^), F := K 2 {e M ® L^ a ), K x := /(e^ 1 ), K 2 := I{e™ v *). 

Here I(z) denotes the diagonal matrix with diagonal entries equal to z. Note 
that the entries of these matrices are just the operators occuring in formulas 
(pgp-flTSPp. Let 2l(M 2 ) 4 be the domain 

2l(R 2 ) 4 := 2li 2 (M 2 ) © 2t 2 (M 2 ) © Sl^M 2 ) © 2t(R 2 ) (173) 

in the Hilbert space 7i, where 

2t!(M 2 ) = /aCPi)- 1 ^ 2 ), 2l 2 (M 2 ) = /^(P 2 )- 1 2l(R 2 ), 
2ti 2 (M 2 ) = MPi)- 1 *^?) + f^)- 1 ^ 2 ). 

It is clear that 2l(M 2 ) C Ql^R 2 ) U 2t 2 (R 2 ) C 2t 12 (M 2 ). Since f a (Vj)$l(M. 2 ) C 
2l(R 2 ) for j = 1,2, 2l(M 2 ) 4 contains the domain <B(M 2 ) defined by (TO. In 
particular, 2l(IR 2 ) 4 is dense in 7i. Using the fact that the operator L a in L 2 (M) 
has the adjoint operator R a = e~ 27TaQ f a (V) by Lemma 5(ii), it is clear that 
2t(M 2 ) 4 is contained in the domains of the operators E, F, Kj, j — 1, 2. Define 

$(£') = E[2l(R 2 ) 4 , $(F') = F[2l(M 2 ) 4 , ^(q'^Kj) = K j r2l(M 2 ) 4 . (174) 
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Proposition 26. (i) 2l(M 2 )4 is contained in the domains of the operator products 
$(E')$(F'), $(F')$(E'), $(E')$(Kj), ^(K^E'), $(F')$(Kj), andQ(Kj)Q(F') 
for j = 1,2. 

(ii) The operators $(£"), <E>(F') and $(Kj) satisfy the defining relations in 
terms of the generators E', F' and Kj of the algebra U q (gl2). 

(iii) The operators <&(£"), <J>(F') and <&(g -1 / 4 lf,-) are essentially self-adjoint on 
the domain 2l(M 2 ) 4 . 

Proof, (i): We show that 2l(R 2 )4 is contained in the domain of the product 
By the definition of operators $(£") and $(F') this means that 

% u (R 2 )CV((L a ®e 27rl3Q2 ){e 27raQl ®Rp)), Ql 2 (R 2 )CV((R a ^e 2 ^ Q2 ){e 27raQl ^Rp)), 
2ti (l 2 )CD((L^e 2 ^ 22 ) (e 2?raQl 0^)) , 2l(M 2 ) CP( (R a ®e w * ) (e 2 ™ 21 ®Lp)). 

The last inclusion for the fourth component is obvious. Let us verify the 
assertion for the third component of <&(E')<&(F'). That is, we have to show 
that each vector r] = / Q (:Pi) _1 C G 2ti(M 2 ), where C G 2l(K 2 ), belongs to the 
domain of the product (L a £g> e 27r/322 )(e 27raQl ® Lp). In order to prove this, it 
suffices to check that for all £ G 2l(R) the vector /a(P) _1 £ belongs to the 
domain of the operator e 2 ™ 2 . Applying the Fourier transform we see that 
the latter is equivalent to the fact that for arbitrary £ G 2t(M) the function 
f a (x)~ 1 ^(x) belongs to the domain of the operator e~ 27TaV . The assumption 
< |7| < 1/3 implies that the infimum of the holomorphic function f a (x) on 
the strip < Im x < a when a > resp. > Im x > —a when a < is 
positive. It follows from the characterization of the operator e~ 2na ' p given in 
Lemma 4 that the function f a (x)~ 1 ^ belongs to the domain of this operator. 
The corresponding proofs for the first and the seond components of <&(E')<f>(F') 
and for the other operator products are similar. 

(ii): We carry out the proof for the relation E'F'-F'E' = \(K 2 K 2 2 - K^ 2 K%) 
of the algebra lA q (gl2). For the other defining relations these verifications are 
straigthforward and will be omitted. Computing the commutator of the operator 
matrices E and F, we obtain a diagonal operator having the operators 
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■= (L a § 


5e 27r/322 )(e 2 ™ Ql G 




(e 2naQl G 


^Lp){R a d 


5e 2 ^ 22 ) 


A 2 


:= (R a d 


§e 27r/322 )(e 2 ™ Sl C 


$Rp)- 
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as diagonal entries. By (i), for any vector r\ = (^1,772,^3,^4) G 21(1R 2 ) the j- 
th component rjj belongs to the domain of each of the two summands of the 
operator Aj, j = 1,2,3,4. Using this fact we compute the terms Ajrjj and 
obtain 

AjTjj = A(e Wl <g) e- 2 ^ - e- 2 ^ e 2 ™^. 
Thus, <Z>(E')<Z>(F')r] - ®(F')<Z>(E')ri = A($(K 1 ) 2 $(fs: 2 )- 2 - $(^ 1 )- 2 $(K 2 ) 2 )r7. 
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(iii): By Lemma 4(ii), the domain T>$ is a core for the self-adjoint operator 
e cp , c G R. Since V 5 ®V S C 2l(M 2 ), the operator $(K,) is essentially self- 
adjoint even on the smaller domain *B(R 2 ). For the operators $(£") and <&(F') 
the assertion follows from statements (iii) and (iv) of Lemma 5. □ 

It is easily seen that the domain 2l(R 2 )4 is not invariant under the operators 
$(£") and <&(F'). Therefore, we do not get a ^-representation of the whole 
*-algebra U* w (gl 2 (R)) on the domain 2l(R 2 ) 4 of the Hilbert space Q. However, 
the actions of the generators / = E' , F' , Ki, K 2 satisfy the defining relations 
and they have the hermiticity properties of the *-algebra K^" (ghi^)) ■ 

Our next step is to define a *-algebra structure on 2l(R 2 ) 4 . Recall that 
we used the *-algebra 2l(R+ + ) with product \ and involution * (see 4.2) 
as *-algebra of functions on the quantum quarter plane. As in the case of 
functions on R 2 we transform the componentwise product of 4-tuples under 
the symmetry J (see ( P-70Q and ( |171|) ). That is, for a = (oi, a 2 , 03, 0,4), b = 
(61, b 2 , b 3 , 64) G 2l(R 2 ) 4 we define 

aob = l/4(ait]6i + a 2 \\b 2 + 0,3^3 + «4^4, ail] 62 + + + a 4 t|&3, ^ 
aitj£> 4 + a 2 ^3 + a 3 ^2 + a 4 t|&i, ai\\b 3 + a 2 t]5 4 + a 3 t|&i + a^b 2 ), 
a* = (a*, a\, at,, 0%). (176) 

For the product aj\\bk we take the symmetrized version in formula (|153|) : 

(177) 

The involution a* of db cij is defined as in ( |154|) by 



a 



[xi,x 2 ) = {e^-^a^ixux^. (178) 



Proposition 27. The vector space 2l(R 2 )4 is a *-algebra with product and 
involution * given by the formulas (\175j ), t \17Tj ), (\17b\ ) and (\17dj) . 

Proof. By arguing as in the proof of assertion (i) of Proposition 26 it follows 
from assumption ( |1 72| ) that the components aj, b^ in formula ( |1 77| ) are in the 



corresponding operator domains and in a domain T>^ u for certain /x, v G R 2 . 
Thus, the product ( |177| ) is indeed well-defined. That is the reason why we have 
chosen the symmetrized version in ( |153|) rather than the two other formulas in 
( |153| ). Note that for a, b G 2l(R 2 ) all three formulas in (|153[ ) coincide, but we 
dealing now with larger classes of symbols. 

Now we prove that for a, b G 2l(R 2 )4 the components of the product a\\b 



belong again to the corresponding component space in (|173[) . As a sample 



we show that 2l 12 (R 2 )^2li 2 (R 2 ) C 2l 12 (R 2 ). Let a, b G UiV^-^iM 2 ) . From 
formulas ([55]) and ( |177| ) we get 

MPiMb) = q 1/2 (fa(Vi)a)\\e 2 ^b + g^V^a^OW. (179) 



Since fa.{Px)a and f a (Vi)b are in 2l 2 (M. 2 ) , it follows from formulas (p^D-(^D|) 
that / a (Pi)(at|6) is in the domain of all operator e 27TcQ e 2ndV , c,d E M 2 . Thus, 
we have f a {cVi){a\\b) G 2t 2 (R 2 ). If a, 6 G / /3 (P 2 ) _1 2l(M 2 ), then we use formula 



( 58 ) rather than ( |56|) and obtain the identity 

// 3 (P2)(a^)=g 1/2 (^(P 2 )a)^ 2 ™ 7,2 6 + g- 1 / 2 e- M a^^(P 2 )6 

which implies that fp{V^{o\\b) G 2l 2 (IR 2 ). Similar verifications can be done for 
the other cases and components. Thus, we have shown that aob G 2l(R 2 )4 for 
a, 6 G 2t(M 2 ) 4 . 

Recall that by construction the product ° and the involution * have been 
transformed from the products # and the involution *, respectively, under the 
bijective mapping J. Hence 2l(M 2 )4 is a *-algebra, because the products # and 
the involution * satisfy all axioms of a *-algebra. □ 

Next we define the product of elements of the coordinate algebra 0(M. 2 ) and 
the algebra 2t(M 2 )4. Because of ( |168| ) and ( |151| ), we consider the self-adjoint 



operators x and y on the Hilbert space Q given by the the operator matrices 
x = Q x ( e 2waQl ® e~™ V2 ) , y = 6 1 (e^ m ® e 2 ^ Sa ) . 

and define 

Xoa = <3>(x)a = xa, y°a = &(y)a = ya (180) 

for a G 2l(IR 2 )4. Using once more assumption (|172|) it follows that each a G 
21(1R 2 )4 is contained in the domains of the self-adjoint operators x and y, so 
that ( P-80| ) is well-defined. 

An arbitrary element a G 21(1R 2 )4 is in general not in the domains of the 
powers x n and y n for nsN and the expressions xm and y a a defined by ( |180| ) 
are in general not in 2l(M 2 ) 4 . Hence the direct sum -A(1R 2 ) = 0(R 2 q ) + 2l(JR 2 ) 4 
of *-algebras 0(M. 2 ) and 2l(M 2 )4 is not an algebra with respect to the product 
( 180 ). However, for certain elements z G 0(R 2 ) and a G 2t(M 2 )4 the above 
definition ( |180| ) gives indeed a well-defined product Zoa and *A(M 2 ) becomes a 
partial *-algebra with product ( |180| ) in this manner. We shall not pursue this 
further. 

We now replace 2l(M 2 )4 by its *-subalgebra 

2l (M 2 ) 4 := 2l(M 2 ) © 2l(M 2 ) © 2t(M 2 ) © 2t(M 2 ). 

According to our general picture, the elements of this subalgebra can be 
considered as functions on the real quantum plane which are vanishing on the 
coordinate axis. For a G 2to(R 2 ), the elements $(x)a and §(y)a are obviously 
again in 2lo(M 2 )4, so equation (|180|) defines a ^representation $ of the *- 
algebra 0(R 2 ) on the invariant dense domain 2lo(M 2 )4 of the Hilbert space Ti. 
By Lemma 4(ii), the operators $(x n ) and $(?/ n ) are essentially self-adjoint on 
2l (M 2 ) 4 . For z G C(M 2 ) and a G 2l (M 2 ) 4 we define 

Zoa := Q(z)a. 
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Then the direct sum A(^) := + 2to(K 2 ) 4 becomes a *-algebra with 

product ( |180| ) such that 0(R 2 ) and 2l (ffi 2 )4 are *-subalgebras. Indeed, A^R 2 .) 
is merely the transformation of the left U q (gl2(^))-module *-algebra Q3(IR 2 )4 
defined in 6.1 (see (|163| )) under the symmetry J. Therefore, ^4o(R 2 ) is a *- 
algebra with product (|180|) and there is a left action of W g (gZ 2 ) given by formulas 
(imi) such that Ao(M 2 q ) is a left U q (gl 2 (M.))-modu\e *-algebra. 

For the study of the coordinate functions x and y the *-algebra 2lo(IR 2 )4 
is "large enough", since the operators and $(?/) are essentially self- 

adjoint on 2t (K. 2 ) 4 . However, for the action of the generators of W g ((?/ 2 (]R)) 
it is not, because 2l (M 2 )4 is not a core for the essentially self-adjoint operators 
Q(E') and Q(F'). The larger *-algebra 2l(M 2 )4 is needed in this case. Since we 
have only an action of the generators and not of the whole algebra U q (gl2)), 
2l(M 2 ) cannot be a left U q (gl2{M.))-module algebra. But for the generators 
f = E', F', Kx, K 2 the two conditions and (fj^) are valid on the *-algebra 
2l(R 2 ) 4 . 

The proof of the latter assertion requires a number of computations. We 
carry out this verification only for the generator f = E' and for elements of the 
form a = (a u 0, 0, 0), b = (h, 0,0,0) G 2l(M 2 ) 4 , where a lt bi G ^(Pi)^ 1 ^ 2 ). 
First we note that from formulas (p2|)-(p5|) and ( |177| ) we derive that 

e- 2naQl (c^d) = q- 1 / 4 (e- 2 ™ Ql c)b(e-™ V2 d) = g 1/4 (e™ p2 c)t](e- 27raQl c/), (181) 
e 2 ^(c\\d) = q- x l\e 2 ^c)\{e-^d) = q x l\e^c)\{e 2 ^ Q H) (182) 

for arbitrary elements c, d G / Q ,(7 :, i) _1 2l(]R 2 ). Using the definitions of the 
product o and of the operators Q(E') and $(K) and formulas ( |179| ), ( |181| ) 



and (|182|) we compute 



($(£') = R a ® e^ Ca (oil|6i) 

= e- 2 ™ Q i®e 2 ^ Q >f a (V 1 )(a 1 ^b 1 ] 



l/2-2naQ 1 ~ 2n/3Q 



q ' e 



®e 2 ^{{f a {T l )a l )^ 2 ^ K 



+ g -V2 e -2 7 ra Sl ^ e ^ (e^m^^)^) 

= (e" 2 ™ 21 ® e^^UiV^a^ie^ 1 ® e"™^^) 

+ ( e -" m ® e™ p2 a!)t](e- 27raSl ® e 2w/3S2 / Q (P 1 )6 1 ) 
= ($(S')a)itl(*(^)&)i + ($ (^- 1 )a) 1 ti($( J E; , )&)i, 

where the lower index 1 always refers to the first component. This proves 
condition (P for / = E' and the particular elements a and b. The other cases 
can be treated in a similar manner. 

Next we want to have a counterpart on 2l(R 2 ) 4 of the covariant linear 
functional h = h on 2l(IR 2 ). Recall that this counterpart on the *-algebra 
£>(IR 2 )4 is the functional h defined by ( |164| ). We have to transform this functional 
h under the symmetry J by setting h(a) := h(Ja). By the definitions ( |167| ) 
of J and ( |164[ ) of h we obtain h(a) = 2h(ai), where h{a\) is given by ( |155| ). 



R4 



Inserting formula ( |155| ) we are lead to define 



h(a) 



2 II e7T{aX1+l3X2)ai ( Xl > x ^ dxidx2 > «= 02,03,^4) e 2t(M 2 ) 4 . (183) 



Let us check first that h(a) is well-defined for arbitrary elements a G 2l(IR 2 )4. 
Indeed, if a G 2l(K 2 ) 4 , then we have a x G / a ('Pi)~ 1 2t(R 2 ) + ^(Ps)- 1 ^ 2 ). 
From assumption ( |172[ ) we conclude that ai is in the domain T>(e naQl tgie 71 ^® 2 ) 
and that ( e naQl <g> e 7r/3S2 )ai G X>„ iAl for some z/,/i G By Lemma 9(ii), the 

latter implies that the function e*( axi+ P X2 ^ ai(xi, x 2 ) is in the Schwartz space 
5(R 2 ). Hence the integral in ( |183|) exists. 

From the construction it follows that the sesquilinear form (-,-)h associated 
with h by (|8|) is the scalar product of the Hilbert space 7i (see ( |165| )). This 
can be also verified directly by using formulas (|175|) , (|176|) , ( |153j ), (|154|) and 
That is, we have 



(a, b)h = h(b*oa) 



{a\bi + a 2 b 2 + a 3 b 3 + a^)A)dx\dx 2 



;i84) 



for a = (ai, ci2, 03, 04), b = (61, b 2 , 63, 6 4 ) G 2l(IR 2 )4. Thus we have reduced the 
scalar product (-,-)h to L 2 -scalar products on IR 2 . To achieve formula ( |184j ) 
was the main aim of our considerations and it is the reason why we have 
transformed all structures by means of the operator T and the symmetry J. 

Finally, let us turn to the differential calculus on the quantum plane. The 
construction from 3.2 carries over almost verbatim to the algebra *4q( 



0(Rq) + 2lo(IR 2 )4 and yields a first order differential calculus T over the algebra 
^4o(Rg) such that {dx, dy} is a free left module basis of T. The corresponding 
partial derivatives d x and d y are of the form 



d x (a) 



d y {a) 



( 


d x {ax) 





\ 


d x (a 2 ) 




















d x (a 3 ) 


V 





d x (a 4 ) 


/ 


( 





d y (ai) 


\ 











d y (a 2 ) 













V 


d y (a A ) 





/ 



for a = 
in 3.2. 



[ai, a 2 , 03, a 4 ) G 2l (M 2 ) 4 , where d x 



and d y (aj) 



1, 2, 3, 4, are as 



Recall that A(R 2 q ) 



(9(]R 2 ) + 2l(M 2 ) 4 is not an algebra, because not all 



a G 2t(R ) 4 are in the domains of $(x) n $(|/) m . Likewise, the differential da = 
ua — au and the partial derivatives d x (a) and d y (a) are well-defined only for 
those elements a G 2l(M 2 )4 belonging to the corresponding operator domains. 



F>F> 



We close this subsection by listing the formulas of the operator matrices 
for the generators E' , F' , K 1: K 2 , x and y. Recall that 



L a = f a (V)e- 2 ™ Q , R a = e- 2 ™ Q f a (V), 

f a (V) = -2sinhvr/3(2P+m) = -q^e 2 ^ 7 + q'^e' 2 ^. 



( 



$(£') = E = 












L a <g> e 2nf3Q2 



\R a <g> e 2nl3Q2 





R a ® e 





27T/3Q2 









/ 



= F = 














,2naQ 1 



Re-, 



y e 2naQi ®R P o 








e 2naQl <g> 



o / 



/e w/3Pl <g> J 

e^ Vl 



\ 










o \ 






<l>(q- 1 /' l K 2 ) = K 2 



/l®e naV2 \ 

I®e™ V2 

I(g)e waV2 

\ I(g)e waV2 J 



= x 



/ 





e 2naQ 1 q e -naV 2 






g27raQi ^ g-TO?2 


















$(y) = y 








V 



o 



o 
o 



e 7r/3-Pi (gj e 2nf3Q 2 



e nj3Vi ^ e 27r/3Q2 
















/ 



In this last subsection we introduce three unitary operators J 7 !*, T q and T q 
on the Hilbert space 7i which can be considered as quantum analogs of the 
partial Fourier transforms and the Fourier transform on IR 2 , respectively. 



5fi 



First let us note that the counterparts of the g-deformed partial derivatives 
V q and V* (see (|§) on the algebra A(R 2 q ) are defined by 



X 



=Ky _1 E= 



t 



R a 



-7vaT > 2 















R a ( 



-TTOLP2 






)e~ 




•7ra'p2 



V q y .=Kx~ l F~- 
























1 <8>L 





) 



Clearly, T> q and T> q are self-adjoint operators on the Hilbert space 7i. 

Let u be the unitary operator on L 2 (R) given by (uf)(x) = f(—x) and let 
w a ,v a resp. W/3,vp be the holomorphic functions from Lemma 6. Then 

Tl := (Ji(wW a (Pi) <g> I, uv a (Vi) ® I), T q y := a 2 (I ® uwp(V 2 ), I ® uw p {V 2 )). 
are commuting unitaries on the Hilbert space 7i. Set T q \=T q T q , that is, 

/ uw a (Vi)<S>uw ^(Vi) \ 



V 





uvaivjmwpfa) 

^(Pi)®^^) 

000 









UV a (Vi)®UVp(P2)J 



We call the unitaries T q and T q quantum partial Fourier transforms and 
T q quantum Fourier transform of the real quantum plane. The reason for 
this terminology stems from the fact that, roughly speaking, these unitaries 
interchange the coordinate functions x, y and the g-deformed partial derivatives 
V q ,V q , respectively More precisely, we have the following relations. 

Proposition 27. (i) ^x(^)- 1 = -V% ^V^^x, ^(F^K^y, 

(ii) ^y(^) _1 = - Pg^Pg^-^y.^x^)- 1 ^, F q V q (J rq )~ l =K 2 .V q . 

(iii) ^x^)- 1 ^ - KlP^^y^ 9 )- 1 ^ - K^P^^D^)- 1 ^ 2 ^, 

Proof, (i): By Lemma 7, written in terms of matrix entries, we have 



uw a (V)L a v a (V)u = e 2naQ ,uv a (V)R a w a (V)u = e 2naQ , 



(185) 

uw a (V)e 27TaQ v a (V)u=uL^ a u= — L a , uv a (V)e 27TaQ w a (V)u=uR- a u= — 

(186) 

Because of the two relations (|185|) the matrix entries of T q T) q x {Tf)~ x and x 
coincide, while ( |186j ) implies that T q x[F q ^)~ x and — have the same matrix 
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entries. This proves the first two relations of (i). The two other relations 
follow at once from the corresponding definitions combined with the fact that 
ue *pr u = e -*PP m 

The proof of (ii) is similar to the proof of (i). The relations of (iii) follow 
easily from (i) and (ii). □ 

Remark 5. The holomorphic functions w_ a and V- a coincide with the functions 
Wi and w 2 in [S4], where a closely related quantum Fourier transform of a 
g-deformed Heisenberg algebra appeared. Holomorphic functions of similar 
kind have been used by S.L. Woronowicz [W] in another context as quantum 
exponential functions for the quantum ax + 6-group. 
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